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ABSTRACT
PROOF AND PROVING: LOGIC, IMPASSES, AND THE RELATIONSHIP TO

PROBLEM SOLVING

BY

MILOS SAVIC

NEW MEXICO STATE UNIVERSITY
LAS CRUCES, NEW MEXICO

AUGUST 2012

DR. ANNIE SELDEN, CHAIR

Becoming a skillful prover is critical for success in advanced undergraduate
and graduate mathematics courses. In this dissertation, | report my investigations of
proof and the proving process in three separate studies.

In the first study, | examined the amount of logic used in student-constructed
proofs to help in the design of transition-to-proof courses. The study had four parts:
coding 42 student-constructed proofs from a “proofs course,” coding 10 student-
constructed proofs from a graduate homological algebra course, interviewing three

students proving a theorem, and coding the same 42 student-constructed proofs using

Vi



“proof frameworks.” All four parts were intended to discover the logic in proofs and
in the proving process so that designers of transition-to-proof courses can take into
consideration the frequency of, and the kind of, logic that occurs in constructing
proofs.

The second study examined how mathematicians and graduate students
recover from proving impasses. | defined impasses, which are colloguially referred to
as “getting stuck,” as a period of time during the proving process when a prover feels
or recognizes that his or her argument has not been progressing fruitfully and that he
or she has no new ideas. Using the notes from the “proofs course” on semigroups, and
a new data collection technique, six of nine mathematician participants and all five
graduate student participants had impasses during the proving of theorems in the
notes. I discuss the ways participants got “un-stuck,” including incubation, a term
from psychology colloquially meaning “taking a break.”

Finally, researchers have noted that proving and problem solving are related.
In fact, one study by Carlson and Bloom (2005) used the data that they had collected
on how mathematicians solve problems to create what they called a Multidimensional
Problem-Solving Framework. It occurred to me that the data | had collected in the
previous study probably could be analyzed using their framework. Upon closer
examination, | found that there were commonalities and differences with the phases

and attributes of their framework and those of the proving process.
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Through these three studies, | hope to add to the existing mathematics

education research literature on proof and proving.
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CHAPTER 1: INTRODUCTION

Becoming a skillful prover is critical for success in advanced undergraduate
and graduate mathematics courses. In this dissertation, I report my investigations of
proof and the proving process in three separate studies.

In the first study (Chapters 2-4) | examined in four different ways the amount
of logic used in student-constructed proofs to help in the design of transition-to-proof
courses. This study used a coding scheme that | created to determine the amount of
formal logic (i.e., the predicate and propositional logic that is usually taught at the
beginning of a transition-to-proof course) that occurred in student-constructed proofs.
| found that less than 2% of formal logic occurred in 42 student-constructed proofs
from a “proofs course” (described in Chapter 3). Using the same coding scheme, I
found that less than 1% of formal logic occurred in 10 student-constructed proofs
from a graduate homological algebra course. With such a small amount of logic
occurring in those proofs, | sought to find where else logic might be used in the
proving process. The next part of the study included interviewing three former
“proofs course” graduate students a year after they had taken the course. They were
asked to prove a theorem that they had seen in the course. None of the three graduate
students completed their proofs of that theorem correctly. However, there were
interesting attempts at proofs by each of the students. Finally, my coding process did
not seem to capture the structure of proofs. Using Selden and Selden’s (1995) idea of

“proof frameworks,” I investigated the structure of proofs by examining how many



and what kinds of “proof frameworks” had been used in the 42 student-constructed
proofs. All four parts of the logic study were intended to discover the logic in proofs
and in the proving process so that designers of transition-to-proof courses can take
into consideration the frequency of, and the kind of, logic that occurs in constructing
proofs.

The second study (Chapters 5-7) examined how mathematicians and graduate
students recovered from proving impasses. | defined impasses, which are colloquially
referred to as “getting stuck,” as a period of time during the proving process when a
prover feels or recognizes that his or her argument has not been progressing fruitfully
and that he or she has no new ideas. Using the notes from the “proofs course” on
semigroups (Appendix H) and a new data collection technique (described in Chapter
6), six of nine mathematician participants and all five mathematics graduate student
participants had impasses during the proving of theorems in the notes. In exit
interviews, | asked the participants how they overcame these impasses and others that
occur during their own research. In Chapter 7, | report a categorization of and a list of
the participants’ actions to overcome impasses. | also discuss in detail incubation, a
term used in psychology that I needed to redefine to adequately describe incubation
during the proving process. | defined incubation as a period of time, following an
attempt to construct at least part of a proof, during which similar activity does not
occur, and after which, an insight (i.e., the generation of a new idea moving the

argument forward) occurs. Colloquially, incubation is a break in one’s problem



solving or proving efforts during which some work is being done either consciously
or subconsciously, and an insight that occurs afterwards is often described as an
“AHA!” experience.

Finally, researchers have noted (as described in Chapter 8) that proving and
problem solving are related. In fact, one study by Carlson and Bloom (2005) used the
data that they had collected on how mathematicians solve problems to create what
they called a Multidimensional Problem-Solving Framework. It occurred to me that
the data | had collected in the previous study (described in Chapters 5-7) probably
could be analyzed using their problem-solving framework. Upon closer examination
(Chapters 9-10), | found that there are commonalities and differences with the phases
and attributes of the Carlson and Bloom Multidimensional Problem-Solving
Framework and those of the proving process. These commonalities and differences
are described in Chapter 10.

Through these three studies, | hope to add to the existing mathematics

education research literature on proof and proving.



CHAPTER 2: LITERATURE REVIEW FOR LOGIC STUDY
2.1 Introduction

Proof and proving have been discussed from several perspectives in the
mathematics education literature. Rather than extending one of these perspectives,
such as the teaching of mathematical proofs (Weber, 2004), validating proofs (Selden
& Selden, 2003), or students’ “proof schemes,” that is, what students find convincing
(Harel & Sowder, 1998), | examined the logic that constructing proofs entails. In
particular, I focused on the logic actually used in student-constructed proofs,
attending to the amount and aspects most used, the “form” that logic took, and what
parts could be seen as “common sense.” The proofs examined came from a
beginning graduate “proofs course” (described in Chapter 3). The results of this
analysis may be useful in guiding mathematics educators when designing transition-

to-proof or proof-based mathematics courses such as abstract algebra or real analysis.

2.2 Proof and Logic

Proof and logic are intertwined in many ways. The mathematics education
research literature has established that students must have logical skills to proceed in
advanced mathematics, particularly in constructing their own proofs. Selden and
Selden (1995) stated: “University undergraduate students who specialize in
mathematics, whether planning to teach, enter industry, or continue to graduate study,

eventually need to determine the logical structure of informal mathematical



statements, in particular, the statements of definitions and theorems” (p. 127). Knapp
(2005) summarized what is involved with proof:
Producing a formal proof requires the use of several areas of knowledge.
Students struggle with the content area involved in the proof as well as the
laws of logic and deductive reasoning. Students may also be unaware of the
logical reasoning and aspects of rigor which govern the proving process. (p. 2)
Although the need for logic in proofs seems to be well established, exactly
how much, and where, logic occurs in proofs has not been investigated deeply. In
fact, Selden and Selden (2009) claimed that “logic does not occur within proofs as
often as one might expect . . . [but] [w]here logic does occur within proofs, it plays an
important role” (p. 347). Mariotti (2006) pointed to a difficulty regarding students’
use of logic: It is sometimes difficult for students to make connections between logic

and meaning, yet it is important for those connections to be established.

2.3 Mathematicians’ and Others’ Opinions on How Logic Is Used in Mathematics
Mathematicians use logic on an everyday basis, and they may see that use
somewhat differently from the general public. Byers (2007) has commented on the
public perception of mathematicians’ use of logic, versus how mathematicians view
their use of logic:
When most people think about mathematics they think about the logic of
mathematics. They think that mathematics is characterized by a certain mode
of using the mind, a mode | shall henceforth refer to as "algorithmic.' By this I

mean a step-by-step, rule-based procedure for going from old truths to new
ones through a process of logical reasoning. But is this really the only way



that we think in mathematics? . . . In mathematical research, logic is used in a
most complex way, as a constraint on what is possible, as a goad to creativity,
or as a kind of verification device, a way of checking whether some conjecture
is valid. Nevertheless, the creativity of mathematics--the turning on of the
light switch--cannot be reduced to its logical structure. (p. 5)

Hadamard (1945) made a distinction between two types of mathematicians,

those who are “logical” and those who are “intuitive,” and referred to Poincare who

made this distinction:

The one sort [of mathematicians] are above all preoccupied with logic; to read
their works, one is tempted to believe they have advanced only step-by-step
... The other sort [of mathematicians] are guided by intuition and at first
stroke, make quick but sometimes precarious conquests . . . . (p. 106)

Poincare (1946) also stated that, “logic and intuition have each their necessary
style. Logic, which alone can give certainty, is the instrument of demonstration;
intuition is the instrument of invention” (p. 219). It seems that mathematicians believe
there are two parts to doing mathematics: a logical part and an intuitive part. Mariotti

(2006) offered a similar perspective on the situation regarding the relationship

between logic and intuition:

Although the logical dependence of a statement in respect to axioms and
theorems of the [mathematical] theory is considered [in proving], the issue of
understanding arises inasmuch as it refers to the links between the meanings
involved in both the statement [of the theorem] and the arguments. On the one
hand, these links may not necessarily be expressed through the structure of
logic[al] consequence; on the other hand, when required, it is impossible to
formulate and prove the logical link between two statements without any
reference to meanings. (p. 177)



Both parts, the logical and the intuitive, according to Poincare, are necessary

for mathematicians to conjecture and prove theorems.

Yuri Manin, in an interview (Aigner & Schmidt, 1998), stated: “Proofs are the
only way we know the truth of our thoughts; that is actually the only way of
describing what we have seen . . . . Proof is the way we communicate mathematical
truth” (p. 18). Mathematical truth can also be seen as depending on logic, since
predicate and propositional calculus are a crucial part of what preserves truth in

proofs.

Thurston (1994) conjectured that many mathematicians acquire logic tacitly
without any formal instruction in logic. He stated that “it is common for excellent
mathematicians not even to know the standard formal usage of quantifiers (for all and
there exists), yet all mathematicians certainly perform the reasoning that they encode”
(pp. 4-5). Mathematicians seem to agree on the importance of logic in proof and
proving. However, how to convey that importance and teach the use of logic to
students is another question. Mathematics education researchers have tried to expose

the difficulties students have using and learning logic.

2.4 Students’ Difficulties with Logic
Students’ struggles with logic have been examined in some detail, and
research has exposed several difficulties students have with using it. In actual

practice, using the statement “If P, then Q” often involves combining it with the truth



values of P or Q. There are four reasoning patterns: assuming P is true one can
correctly conclude Q is true (modus ponens); assuming Q is true, one might wrongly
conclude P is true (conversion); assuming P is false, one might wrongly conclude Q
is false (inversion); assuming Q is false, one can correctly conclude P is false
(contraposition or modus tollens). Austin (1984) found that a random sample of
college students, taking courses from freshman College Algebra to senior Abstract
Algebra, could use modus ponens reasoning fairly well (73% correct responses). The
same students had difficulty with conversion (57% correct), inversion (51% correct),
and contraposition (47% correct). Austin concluded that the students in his study
“would not. . .be able to use a conditional statement and its contrapositive

interchangeably.”

Dubinsky and Yiparaki (2000) examined the use of for all . . . there exists and
there exists . . . for all statements by 63 college students taking various mathematics
courses at the time of their questionnaire. They used nine natural language statements
and two simple mathematical statements to examine how the students interpreted
these two kinds of statements. The two mathematical statements were: “For every
positive number a there exists a positive number b such that b < a,” and “There
exists a positive number b such that for every positive number a, b < a.” Dubinsky
and Yiparaki stated, “[S]tudents have greater difficulty with EA [there exists . . . for
all] statements than with AE [for all . . . there exists] statements” (p. 281). The

percentage of students in their study who interpreted the first mathematical statement



correctly was 49%, whereas only 14% interpreted the second mathematical statement
correctly. In a separate count, there were also 42% of students who thought the two

statements were equivalent. Dubinsky and Yiparaki concluded that:

1) The students did not appear to use mathematical [or logical] conventions
to interpret [any of] the eleven questionnaire statements.

2) Students did not appear to use the syntax of a statement to analyze it.

3) When faced with a possibly ambiguous statement, students tended to
interpret it as an AE statement.

4) The ability to interpret correctly, and to give a valid argument for truth or
falsity dropped, significantly for both AE and EA statements when the
situation was in a mathematical context. (2000, pp. 282-283)

Observations on students’ difficulty with logic also arose from teaching
transition-to-proof courses. Epp (2003) likewise listed handling, or understanding
how to prove, “for all . . . there exists” statements as one of the difficulties that her

undergraduate students had when attempting to understand logic. Other difficulties

she mentioned were:

e Making the “converse error”: Supposing “if P then Q” and assuming Q, and
then concluding P.

Thinking “P only if Q " is logically equivalent to “if P then Q.”

Negating if-then statements correctly.

Negating quantified statements correctly.

Negating statements containing “and” or “or.” (2003, pp. 888-890)

Selden and Selden (1995) discussed the difference between formal and
informal statements of theorems, and unpacking an informal statement into a formal

statement. The authors stated that formal statements might be helpful for



understanding how to set-up a “proof framework” and for the validation of proofs, but
informal statements “are often seen as more comprehensible, that is more easily
understood, remembered, applied, and used in reasoning, than more formal ones” (p.
128). An example of a formal statement in analysis is, “For all functions f, if f is
differentiable, then f is continuous,” whereas a corresponding informal statement
would be, “A function is continuous whenever it is differentiable.” Baker and
Campbell (2004) also noticed that students struggle with applying the rules of logic to
proof construction. It appears that such student difficulties with logic may make
transition-to-proof courses that include logic, in some way, helpful. However, and
more importantly, understanding the way, and amount of, logic used within proofs

may assist in teaching and designing more effective transition-to-proof courses.

2.5 Deduction in Proofs

Another interesting, and perhaps controversial, idea that has been expressed
concerning proofs is that deduction is procedural or algorithmic in proofs. Chin and
Tall (2002) stated that in mathematical textbooks “we can simply see the process of a
mathematical proof [sic] as the development of a sequence of statements using only
definitions and preceding results, such as deductions, axioms, or theorems” (p. 213).
In fact, one mathematics professor quoted by Ayalon and Even (2008) expressed the
view that a student “thinks about something, he draws a conclusion, which brings him
to the next thing . . . Logic is the procedural, algorithmic structure of things” (p. 240).

This “systematic, step-by-step manner” (Ayalon & Even, 2008) expressed in final
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written proofs does not reveal why mathematicians produced the arguments or
“steps” involved.

Rips (1994) looked at proofs in a slightly more general way:

At the most general level, a formal proof is a finite sequence of sentences

(s1,---,5Sk) in which each sentence is either a premise, an axiom of the

logical system, or a sentence that follows from the preceding sentences by

one of the system’s rules. (p. 34)

Authors of some transition-to-proof textbooks agree with Rips. For example,
Barnier and Feldman (1990), in their transition-to-proof textbook, stated that “every
proof is a finite sequence of statements that are either hypotheses, previously proved
statements, or statements that follow logically from previous statements” (p. 1).
Gerstein (1996), also in a transition-to-proof textbook, stated: “A proof'is a chain of
statements leading, implicitly or explicitly, from the axioms to a statement under

consideration, compelling us to declare that that statement, too, is true” (p. 2).

However, there are other “sentences” in proofs, such as “Consider the
following function,” that may not be any of the above statements. Indeed, another
transition-to-proof textbook author, Bloch (2000), stated: “Mathematicians who are
not logicians virtually never write proofs as strings of logical symbols and rules of
inferences . . .” (p. 57). This shows that there is a difference of opinion on whether

proofs are, or are not, just sequences of statements that are either hypotheses,
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previously proved statements, or statements that follow logically from previous

statements.

2.6 Whether or How to Teach Logic for Proving
Currently, at the beginning of transition-to-proof courses, professors often
include some formal logic, but how it should be taught is not so clear. There are some
textbooks written specifically for transition-to-proof courses that explain how to
construct various kinds of proofs. Solow (1982) and Velleman (1994) both discuss
explicit ways of starting to construct proofs (something that I will call “proof
frameworks” in Chapter 3), but many other transition-to-proof textbooks touch on this
only very briefly, if at all. Epp (2003) described the times before textbooks for
“transition-to-proof” courses had become generally available:
| had assumed that the reason our students were doing so poorly in our
advanced courses was that the teachers moved too quickly to ‘interesting
mathematics’ and paid inadequate attention to basic material such as sets,
functions, and relations . . . As | taught the course, however, | found that my
students’ difficulties were much more profound than I had imagined . . . my
students seemed to live in a different logical and linguistic world from the one
| inhabited, a world that made it very difficult for them to engage in the kind
of abstract mathematical thinking | was trying to help them learn. (p. 886)
Epp (2003) also stated that she “believe[s] in presenting logic in a manner that
continually links it to language and to both real world and mathematical subject

matter” (p. 895). However, some mathematics education researchers maintain that

there is a danger in relating logic too closely to the real world: “The example of
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‘mother and sweets’ episode, for instance, which is ‘logically wrong’ but, on the other
hand, compatible with norms of argumentation in everyday discourse, expresses the
sizeable discrepancy between formal thinking and natural thinking” (Ayalon & Even,
2008, p. 245). In the mother and sweets scenario, the mother says to the child, “If you
don’t eat, you won’t get any sweets” and the child responds by saying, “I ate, so I
deserve some sweets.”

Other authors have noticed that the way logic is taught in transition-to-proof
courses is at variance with how it is actually used in proving: “Beginning logic
courses often seem to present logic very abstractly, in essence as a form of algebra,
with examples becoming a kind of applied mathematics” (Selden & Selden, 1999, p.
8). The authors conjectured that this form of learning logic may not be helpful,
mainly because students do not connect the “algebraic” form of logic to the
statements of theorems or proofs that they encounter. The research of Bako (2002)
agreed with the above: “Teaching logic usually means . . . [that] we teach algorithms
and formulae again. These algorithms have no practical application in teaching
mathematics” (p. 1). She suggested a way of teaching logic that requires teachers to
“build upon the students existing logical thinking and improve it by solving
exercises” (p. 1).

There are also those who question whether logic needs to be explicitly
introduced at all. For example, Hanna and de Villiers (2008) stated, “It remains

unclear what benefit comes from teaching formal logic to students or to prospective
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teachers, particularly because mathematicians have readily admitted that they seldom
use formal logic in their research” (p. 311). This is similar to what Thurston stated
(See Section 2.3 above). Selden and Selden (1999) also mentioned the experiential
reasoning accumulated by mathematicians as a reason not to teach an explicit unit on
logic: “Many mathematicians have started their work with proofs without ever having
taken a logic course and without any familiarity with symbolic logic” (p. 6).

When logic was taught explicitly in a course, the research showed that there
was little effect in how the students performed with proofs. For example, Deer (1969)
came to the conclusion, with high school students doing geometry proofs, that there
was no positive effect on students’ proving abilities of teaching a separate unit on
logic. This seems to be supported by the research done on linear algebra classes by
Dorier and Sierpinska (2001). They concluded that “the success rate in linear algebra
courses cannot be improved by obliging students to take courses in logic and set
theory as prerequisites” (p. 271).

Taken together, these differing views suggest that it would be useful to further
examine the role of logic and logic-like reasoning within student-constructed proofs.
The results of such an examination might be useful in understanding how to best
include logic in transition-to-proof courses. However, to date, only a little such

research, such as Baker’s master’s thesis (2001), has been conducted.
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2.7 Summary

Mathematicians know that using logic correctly is an important part of
proving. However, research has shown that using logic correctly is difficult for
university students. Those difficulties may arise from interpreting an explicit unit on
logic as abstract algebraic exercises. However, two separate studies (Deer, 1969;
Dorier & Sierpinska, 2001) have concluded that teaching an explicit unit on logic
does not seem to have demonstrable positive effects on a students’ proof writing
performance. This suggests that other teaching practices may have more positive
effects on students’ proving. Examining student-constructed proofs for the amount of
logic used may be one way of gaining additional information on which teaching
practices would be effective in transition-to-proof courses. In Chapter 3, I discuss the
methodology | used for my examination of a number of different student-constructed
proofs and describe a coding scheme for identifying and categorizing the “chunks” in
those proofs. I also report on task-based interviews of students conducted to find the
logic used in their proving processes. Finally, | report on my examination of the
structure of those same student-constructed proofs using a modified form of Selden

and Selden’s (1995) “proof frameworks.”
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CHAPTER 3: RESEARCH QUESTIONS AND METHODLOGY FOR THE
LOGIC STUDY

In this chapter, I ask three research questions dealing with logic in student-
constructed proofs and describe four ways | used to collect and analyze the data to
answer the questions. In Chapter 2, | described the importance of logic for
mathematics, as well as several different ways that mathematicians and mathematics
education researchers have considered for teaching the formal logic needed in proofs.
| hope to contribute to those considerations by empirically examining the following
three questions:

1. How many uses of formal logic actually occur in finished student-constructed
proofs?

2. Where is the logic in those proofs?

3. Are there structures in the proofs that are not explicit uses of formal logic, but
that play a similar role?

This research was done in four separate phases: (a) by examining and
categorizing all of the “chunks” of the 42 student-constructed proofs from a
beginning graduate level “proofs course,” (b) by examining, in a similar way, 10
student-constructed proofs from a more advanced graduate homological algebra
course, (¢) by conducting and analyzing task-based interviews with three graduate
students a year after they had taken the “proofs course,” and (d) by re-analyzing the

42 student-constructed proofs from the “proofs course” using a “proof framework”

perspective (Selden & Selden, 1995).
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3.1 Settings
3.1.1 The “proofs course”

The “proofs course,” Understanding and Constructing Proofs, was offered at
a large Southwestern state university, which gives Masters and Ph.D.’s in
mathematics. The students in the course were seven first-year mathematics graduate
students and two advanced undergraduate mathematics majors. For this course, the
students were given professor-created notes with a sequence of definitions, requests
for examples, questions, and statements of theorems dealing with topics such as sets,
functions, real analysis, algebra, and topology. For example, three theorems that were
proved by the students were: “The product of two continuous [real] functions is
continuous”’; “Every semigroup has at most one minimal ideal”; and “Every compact,
Hausdorff topological space is regular.” The professors teaching the course
considered the exact topics in the course of less importance than its focus on student
construction of many of the kinds of proofs that might occur in other graduate

courses.

Students were asked to prove theorems from the notes at home, and came to
the class to present their proofs on the chalkboard. After receiving critiques on a
presented proof’s content and style, one student was selected to modify it to turn in.
The professors verified all of those submitted proofs as correct and photocopies were
made for the students. There were no lectures, just discussions of student work. The

class met for one hour and fifteen minutes twice a week for a total of 30 class
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meetings. | observed all class sessions, and either took notes or worked the video
camera for the course. The course was taught like a modified Moore Method course
(Mahavier, 1999) by two professors, using a constructivist approach. It was also
somewhat VVygotskian (Vygotsky, 1978) because, in discussing the students’ work,
the professors gave their opinions on how mathematicians write proofs and this
influenced the students’ writing. All class meetings were videotaped, and field notes
were taken by a graduate research assistant. The debriefing for each class meeting and
preparation for the next class were also videotaped, as well as all tutoring sessions
with students. | participated in all debriefing sessions, along with another graduate
student and the professors of the course. For a further description of the “proofs

course,” see Selden, McKee, and Selden (2010, p. 207).

3.1.2 The homological algebra course

The homological algebra course was taught lecture-style, with two theorems
to prove assigned per week as homework. The professor then graded the proofs and
handed them back to the students. The course covered such topics as module theory,
category theory, homology and cohomology, with emphasis on the Tor and Ext
functors. All students in the course had passed the graduate abstract algebra courses
required for taking the Ph.D. algebra comprehensive examination. The ten proofs
considered from throughout the whole course were constructed by a single student
who received perfect scores on all homework and actively conducted research in

algebra. | was a student in the course, but not the author of the proofs. Coding and
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analysis of the ten proofs was similar to the coding and analysis for the “proofs
course” (See Section 3.2). It was also part of my final semester project in the
homological algebra course, and the instructor of the course supplied feedback on the
analysis.
3.1.3 Task-based interviews

The task-based interviews were conducted in a university seminar room one
year after the “proofs course.” The three graduate students who participated had all
received A’s in the “proofs course” and were willing to volunteer for a one hour
interview. Each interviewed student received a one-page subset of the “proofs course”
notes (See Appendix D). This subset was self-contained and began with the definition
of a semigroup and ended with the theorem to be proved, “Every semigroup has at
most one minimal ideal.” (Those same notes are the relabeled items from Definition
A to Theorem 9 found in Appendix H.) All other theorems listed therein were to be
considered as proved and thus could have been used by the students in the proving
process. Each student was encouraged to think aloud while attempting to construct a
proof on the chalkboard. Because of time constraints, after 45 minutes, each student
was asked to stop proving and answer some debriefing questions about the proving
process. The questions were not predetermined. Most were intended to clarify what
had been said during the think-aloud process or what had been written on the
chalkboard. The interviews were videotaped, and field notes were taken. All

interviews were transcribed and are located in Appendix E.
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3.2 Coding
3.2.1 Chunking

For the first examination of logic, the 42 student-constructed proofs from the
“proofs course” were subdivided into “chunks” for coding. The “chunks” are
somewhat similar to those in Miller’s (1956) paper discussing limits on processing
capacity in which chunks are a “meaningful unit” in thinking. In the analysis
described here, a chunk can refer to a sentence, a group of words, or even a single
word, but always refers to a meaningful unit in a proof. During several iterations of
the coding process, 13 categories, such as “informal inference” and “assumption,”
emerged.

To be sure the coding was sound, two mathematics professors were trained on
how to use my coding on two of the student-constructed proofs. After this training,
four additional proofs (two from the course, two from an algebra textbook
(Hungerford, 1974)) were coded independently by the professors and me, and over
80% of the chunks were categorized the same way by all three of us independently.
The other 20% of the chunks were discussed until an agreement was reached. It
appears that once a person familiar with proofs understands this chunking process,
he/she can do the chunking with relative ease and the results are relatively
independent of the individual coder. This included full agreement on which chunks to

associate with specific categories.
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The categories and the chunks sometimes co-emerged, that is, the categories
sometimes influenced the chunking. For example, “Then x € A and x € B” might
have been treated as a single chunk, for example, in a proof where it arose from
x € A N B and the definition of intersection. However, it could also have been split
into “Then x € A” and “and x € B,” for example, in a proof where the two chunks
followed from separate warrants. This coding process, which resulted in a total of 673
chunks in the student-constructed proofs from the “proofs course,” is further
described below.

There are five categories which are of particular relevance for this
investigation. The first two of these deal with the first question posed at the beginning
of this chapter, “How many uses of formal logic actually occur in finished student-
constructed proofs?” They will also be helpful in answering the second question,
“Where is the logic in (student-constructed) proofs?” The remaining three categories
are those that occurred most often in the 42 student-constructed proofs. Proofs from
both the “proofs course” and the homological algebra course were coded using the
same categories.

3.2.2 Categories for the chunks

Informal inference (I1) is the category that refers to a chunk of a proof that
depends on common sense reasoning. While informal inference does reflect an
instance of logic, when one depends on common sense, one does so automatically and

does not bring to mind any formal logic. For example, given a € A, one can conclude
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a € A U B by common sense reasoning, without needing to call on formal logic. The
implicit warrant for such a chunk might be either a set theoretical diagram, or x € A
implies x € A or x € B plus the definition of union. But for most people neither of
these warrants needs to be brought to mind. The use of modus ponens was also
considered to be informal inference for similar reasons. In short, informal inference
was coded based on whether a student could very probably have written the logical
chunk before taking an undergraduate transition-to-proof course.

By formal logic (FL) | mean the use of predicate or propositional calculus
going beyond common sense. To reiterate, the distinction is that formal logic is the
logic a student would very probably not possess before entering an undergraduate
transition-to-proof course. Modus Tollens and DeMorgan’s Laws are two examples
of formal logic, that is, they are not common sense for most of these students
(Anderson, 1980; Austin, 1984). For example, given x & B U C, one can conclude
x & B and x & C, a typical use of DeMorgan’s Laws that students often do not
perform automatically, or do perform automatically but incorrectly.

Definition of (DEF) refers to a chunk in a proof that calls on the definition of
a mathematical term. For example, consider the line “Since x € Aorx € B, thenx €
A U B.” The conclusion “then x € A U B” implicitly calls on the definition of union.

Assumption (A) is the code for a chunk that creates/introduces a mathematical
object or assumes a property of an object in a proof. This category is further divided

into two subcategories: “choice” and “hypothesis.” Assumption (choice) refers to the
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introduction of a symbol to represent an object (often fixed, but arbitrary) about
which something will be proved--but not the assumption of additional properties
given in a hypothesis. In contrast, assumption (hypothesis) refers to the assumption of
the hypothesis of a theorem or argument (often assuming properties of an object in a
proof). An example to illustrate the difference between the two is provided by the
theorem “For all n € N, if n > 5 then n? > 25.” The chunk “Let n € N” would be
coded assumption (choice), and the chunk “Suppose n > 5” would be coded
assumption (hypothesis).

Interior reference (IR) is the category for a chunk in a proof that uses a
previous chunk as a warrant for a conclusion. For example, if there was a line
indicating x € A earlier in the proof, then a subsequent line stating “Sincex € A .. .”
later in the proof would be an interior reference.

Other categories observed and counted were:

Algebra (ALG) is the category for any high school or computational algebra
done in a chunk of a proof. For example, in a proof, if there were the line “. . . |x +
4| —4 < |x| + |4] — 4 = |x|. . .” | would code the chunk “lx| + 14| — 4 =
|x|” as algebra.

A chunk that summarizes the conclusion of a theorem or an argument is called
a conclusion statement (C). In a proof we might have the lines: “. .. So x € B.

Therefore A € B.” The conclusion statement chunk would be “Therefore A € B.”
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A chunk that states the conclusion of a proof or argument by contradiction is
categorized as a contradiction statement (CONT). In the line, . . . We found x € A,
which is a contradiction,” the contradiction statement is the chunk “which is a
contradiction”.

A delimiter (D) is a word or group of words signifying the beginning or end of
a subargument. This is similar to the usage of Konior (1993), who described
delimiters (which he also called delimitators) as “signs of the limit of some text
segment, very often inserted in a subtle way into the mathematical ‘shorthand’ of the

99 ¢

text of the proof” (p. 252). Common delimiters include “now,” “next,” “firstly,”
“lastly,” “case 1,” “in both cases,” “part,” “(=),” “(€),” “base case” (in an induction
proof), and “by induction” (in an induction proof). An example of a delimiter would
be the chunk “In both cases” in the line, “In both cases, we conclude that x € B.”
Exterior reference (ER) is like interior reference, except that the reference
originates from outside of the proof rather than from within. The chunk “by Theorem
6” is an example of an exterior reference in the line “. . . Now, by Theorem 6, x € A
Giving an object a new (usually shorter) label is relabeling (REL). The chunk
“Sete = e, = e,” intheline ... Thus e, = e, is the identity. Sete = e, = ¢, ...”

is a relabeling.
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The category statement of intent (S1) is reserved for a small statement in a
proof that indicates what is intended in the rest of the argument. An example in a
proof would be the chunk . . . We want to show that x € A....”

Finally, the category similarity in a proof (SIM) is a chunk that gives an
indication that a section of a proof will be repeated with essentially the same
argument previously given in another part of the proof. In the line, . . . Therefore A
is a left ideal. Similarly, A is arightideal . ..,” the chunk, “Similarly, A is a right
ideal” is coded as a similarity in a proof.

This chunk-by-chunk analysis is not the only way to dissect a written proof.
Many other ways of examining proofs and proving techniques can be seen in other
papers (e.g., Harel & Sowder, 1998). My coding was useful in describing the use of
logic, and other aspects of a final written proof, such as definitions, assumptions, and
so forth.

3.2.3 Examples of the coding

To fully understand the chunking and the coding processes, some examples
might be helpful and are provided below in Tables 1 and 2. The first column is the
chunk, the second column is the category, and the third is the shorthand code. All
theorems and coded proofs can be found in Appendixes B and C.

Theorem 2: Forsets A,B,and C,if A€ BandAc C,thend S BnC.
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Proof: Let A, B, and C be sets. Suppose A € B and A < C. Suppose x € A.
Then x € B and x € C. That means by the def of intersection x € B n C.

Therefore, ASBNC.m

Table 1: Coding of an introductory set-theory proof

Let A, B, and C be sets. Assumption (choice) A-C

Suppose A Band A c C. Assumption (hypothesis) A-H

Suppose x € A. Assumption (hypothesis) A-H

Thenx € B Informal inference Il

and x € C. Informal inference Il

That means by the def of intersection | Definition of intersection DEF

xEBNC.

Therefore, AS BNnC. Conclusion statement/ C/DEF
Definition of subset

For the above proof, the first chunk, “Let A4, B, and C be sets,” was coded
“Assumption (choice)” because the sets were chosen or introduced into the argument.
The next chunk, “Suppose A € B and A S C” was coded “Assumption (hypothesis)”
since those suppositions were stated in the theorem as the hypotheses. “Suppose
X € A” is a chunk that is the hypothesis of a subproof of a subset inclusion, hence it
was coded “Assumption (hypothesis).” Both conclusions “Then x € B and “and
x € C” were coded “Informal inference” because they can both be argued by common
sense. The chunk “That means by the def of intersection x € B N C” takes the two
previous chunks and applies the definition of intersection, so it was coded as

“Definition of intersection.” Finally, the chunk “Therefore, A € B N C” uses the
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definition of subset and is also the conclusion of the proof. Most coded chunks were
counted as one unit each; however this final chunk was assigned a half unit to each

category “Conclusion statement” and “Definition of subset.”

The next theorem and student-constructed proof came from quite late in the
“proofs course.”

Theorem 38: If X is a Hausdorff space and x € X, then {x} is closed.

Proof: Let X be a Hausdorff space. Let x € X. Note {x} = X — (X — {x}).

Suppose y € X and y # x. Because X is Hausdorff, there is an open set P, for

which y € P,. There is also an open set R,, such that x € R, and P, N R,, = 0.

Suppose P, € X — {x}, then x € B, but x € R,,. Therefore x € P, N R,

which is a contradiction. Therefore, P, € X — {x}. Thus for every y # x there

is an open set P, where y € P, and P, € X — {x}. The union of all P, is equal

to X — {x}, which is thus an open set. Therefore {x} is closed, being the

complement of an open set. m

Table 2: Coding of a point-set topology proof

Let X be a Hausdorff space. Assumption (hypothesis) | A-H
Letx € X. Assumption (hypothesis) | A-H
Note {x} =X — (X — {x}). Formal logic FL
Suppose y € X and y # x. Assumption (choice) A-C
Because X is Hausdorft, Interior reference IR
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Table 2 continued:

there is an open set P, for which y € P,. Definition of Hausdorft | DEF
There is also an open set R,, such that

X €Ryand P, N R, = Q.

Suppose P, € X — {x}, Assumption (hypothesis) | A-H
thenx € P, Formal logic FL
but x € R,,. Interior reference IR
Therefore x € P, N R,,, Definition of intersection | DEF
which is a contradiction. Contradiction statement | CONT
Therefore, P, € X — {x}. Formal logic FL
Thus for every y # x there is an open set P, | Conclusion statement C
where y € P, and P, € X — {x}.

The union of all P, is equal to X — {x}, Informal inference II
which is thus an open set. Definition of topology DEF
Therefore {x} is closed, being the Conclusion statement/ C/DEF
complement of an open set. Definition of closed

The first chunk in the above proof that | would like to discuss is the third
chunk “Note {x} = X — (X — {x}).” This was coded as “Formal logic” because this
inference would normally not be automatic for most beginning transition-to-proof
course undergraduate students, as they would have to formulate the two negations
first, before concluding the set equality. The fifth chunk, “Because X is Hausdorftf,”
restates the first chunk in the proof, so it was coded as “Interior reference.” The
eleventh chunk, “which is a contradiction,” is just a statement to the reader that the
prover has arrived at a contradiction; hence the code “Contradiction statement.” This
concludes my discussion of the chunking and coding processes used for the 42

student-constructed proofs.
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3.3 Frameworks

In Selden and Selden (1995), the authors described a “proof framework™ as:

A representation of the ‘top-level’ logical structure of a proof, which does not

depend on detailed knowledge of the relevant mathematical concepts, but

which is rich enough to allow the reconstruction of the statement being proved

or one equivalent to it. (p.129)

Although not always explicitly written, the proof framework amounts to the
beginning and end of a proof or subproof. Selden and Selden go on to point out that
“Just as a theorem can have several proofs, it can have several proof frameworks,
which we regard as an essential ingredient in the construction and validation of proofs
....7 (p. 130). Here I expand the definition of proof frameworks in order to capture
additional information about the uses of logic in a proof. These (expanded) proof
frameworks can help in validating proofs and ensure that one is proving the correct
theorem. In addition, used as a teaching tool, their construction by students often
exposes the “real problem” to be solved (Selden & Selden, 2009). Something similar
to proof frameworks is discussed in some transition-to-proof textbooks. They are
called “proof strategies” by Velleman (1994) and “proof techniques” by Solow
(1982).

I coded the same 42 student-constructed proofs using eight different
frameworks, noting that some proofs used several subproof frameworks. This resulted

in a total of 107 proof frameworks.
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3.3.1 Categories for the frameworks

Here, and in what follows, when I speak of a statement of a particular form, I
mean approximately that form or a form having the same meaning. For example,
there might be more quantifiers than in my example or a quantifier might be implicit.
Also, the predicate P (x) might be either simple, or itself involve quantifiers and
logical connectives.

For the first three examples given below, I am considering theorems of the
form “For all x € X, P(x) implies Q(x)”, where X is the universal set of discourse,
P(x) represents the hypothesis, and Q (x) represents the conclusion.

Implication (IMP) is the framework category associated with a proof of “For
all x, P(x) = Q(x),” and for which one starts with, “Let x € X. Suppose P(x),” and
ends the proof with “Therefore Q(x).” For example, consider Theorem 2: “For sets
A,B,andC,if A€ Band A € C,then A € B N C.” One could write, “Let A4, B, and C
be sets. Suppose A € B and A < C,” leave some space, and then at the bottom write,
“Therefore A€ BN C.”

Contraposition (CP) is the framework category in which one starts the proof
with, “Let x € X. Suppose —=Q(x),” and ends the proof with, “Therefore =P (x).” For
the proof of Theorem 2 above, one could write “Let A, B, and C be sets. Suppose
A € B N C,” and at the bottom of the proof write, “Therefore A £ BorA & C.”

Contradiction (CONT) is the framework category that has one starting a

proof with, “Let x € X. Suppose P(x) and =Q(x),” and ends the proof with . . .,
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which is a contradiction. Therefore Q (x).” For the proof of Theorem 2, one could
write, “Let A, B, and C be sets. Suppose A Band A € C,and A £ B N C.” The end
of the proof could be written, *“. . . which is a contradiction. Therefore A € Bn C.”

Induction (IND) is the framework category that is used to demonstrate that a
statement is true for all the natural numbers indexing the statement. There are two
steps involved in an induction proof: (1) the basis step that establishes that the
statement is true for an early natural number or zero, and (2) the induction step that
assumes that the statement is true for all previous natural numbers, or assumes that
the statement is true for a k-th natural number, and goes on to prove that the (k + 1)-
st statement is true.

Cases (CAS) is the framework category that includes a separate subargument
for each possible situation. For example, if one wants to show that A U B = B, given
that A N B = A, one might write, “Let x € AUB.Case 1: x € A.... Thenx € B.
Case 2: x ¢ A....Then x € B.” The cases must exhaust all possibilities for a
situation or property. Here x € A or x & A are the cases.

Disjunction (OR) is when one proves a “P(x) or Q(x)” statement, and one
supposes =P (x) and proves Q(x). For example, if one wants to show a € B U C, one
could suppose a ¢ B and prove that a € C.

Uniqueness (UNIQ) is when one proves that there is a unique object with a

certain property. For example, in the theorem, “Every semigroup has at most one

31



minimal ideal,” one would start the proof by assuming, “Suppose A and B are
minimal ideals,” and conclude with, “Then A = B.”

Mixed quantifiers (MQ) are instances that require different quantifiers in the
proof. This is very important in analysis proofs that are concerned with continuous
functions, where “for all” and “there exists” cannot be interchanged. For example, if
one wants to prove, “f(x) is continuous at a,” by definition one must show for all
a € Rand € > 0 there exists § > 0 sothat forall x e Rifx € (a — §,a + §), then
|f(x) — f(a)] < e. So the framework for the proof would look like this: “Let a € R
andlete > 0....Let§ =?. Let x € R. Suppose x € (a — §,a + §). Then
If(x)—fla)] <. ..<&e”

Note that these are the frameworks | found in my examination of transition-to-
proof courses and books as well as the “proofs course.” This does not mean that they
are the only ones used in mathematics.

3.3.2 Examples of the framework coding

Just as in Section 3.2.3, two examples might help one understand the
framework coding process. All examples of the coding are given in Appendix F.
Consider:

Theorem 1: For sets Aand B,if AN B = A,then AU B = B.

Proof: Let A and B be sets such that An B = A. Suppose x € A U B.

Case 1: Suppose x € A. Since A = AN B, then x € B.

Case 2: Suppose x & A. Since x € AU B, then x € B.
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Then, in both cases, x € B. Therefore, AU B € B.

Now suppose x € B. Sox € Aor x € B. Then x € A U B. Therefore
B C AUB.

Hence AUB =B.m

The framework was coded as follows:

e IMP
e IMP
o CAS
e IMP

In the above, the proof was broken down into subproofs, each denoted by an
indention in the bulleting. To visualize this, | will draw boxes to easily find the
corresponding parts of the framework. The “box” method is similar to that used by
Konior (1993) and Selden and Selden (2009). The first level implication (IMP) was
for the first and last lines, “Let A and B be sets such that AN B = A,” and “Hence
AU B = B.” In all samples below, the box with the question mark is for the

remainder of the proof. The first level implication is given below:

Proof: Let A and B be sets suchthat A N B = A.

Hence AUB =B.m
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The next step, or second tier, in the proving process would be to unpack the
conclusion, and in this case to prove set equality, one would show that the sets are
each contained in the other, and therefore the proof must have two subproofs. Both
subproofs follow the same implication (IMP) framework, hence they are on the

second level of bulleting.

Proof: Let A and B be sets such that AN B = A. Suppose x € AU B.

?

Then, in both cases, x € B. Therefore, AUB € B.

Now suppose x € B.

Thenx € AU B. Therefore B € A U B.

Hence AUB =B.m

Finally, inside the first subproof, the cases are established. Hence, | coded

cases (CAS) in third tier of the framework.

Proof: Let A and B be sets such that An B = A. Suppose x € AU B.

Case 1: Suppose x € A.
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Case 2: Suppose x & A.

Then, in both cases, x € B. Therefore, AU B € B.
Now suppose x € B.So x € Aor x € B. Then x € AU B. Therefore
B C AUB.

Hence AUB =B.m

Thus, the framework was coded as follows:

IMP
e IMP
e CAS
e IMP

Another example can be found later in the “proofs course” notes:

Theorem 26: Distinct minimal left ideals of a semigroup are disjoint.

Proof: Let (S,-) be a semigroup and let A, A, be minimal left ideals of S,
where A; # A,. Suppose A, N A, + @. Leta € A;NA,. Lets € S. Then

sa € A and sa € A,. So sa € A; N A,. Therefore A; N A, is a left ideal of S.
Since A; N A, € A; and A; N A, € A, and since A, and A, are minimal left
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contradiction, so A; N A, = @. Note that the proof that distinct minimal right

ideals of a semigroup are disjoint is done similarly. m

The framework was coded as follows:
e UNIQand CONT

e [IMP

The first and second lines of the proof have both a uniqueness (UNIQ)
framework and contradiction (CONT) framework, and they are grouped together
because the third and second to-last lines are the uniqueness ending (4, = A,) and
the contradiction ending. The uniqueness (UNIQ) framework is needed for the

contradiction (CONT) framework in this proof.

Proof: Let (S,-) be a semigroup and let A, A, be minimal left ideals of S,

where A; # A,. Suppose A; N A, # Q.

?

So A; = A,. This is a contradiction, so A; N A, = @. Note that the proof that

distinct minimal right ideals of a semigroup are disjoint is done similarly. m

Now inside of this box, the notion that A; N A, is an ideal needs to be proved,

hence the implication framework in the second tier.
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Proof: Let (S,-) be a semigroup and let A,, A, be minimal left ideals of S,

where A; # A,. Suppose A; N A, # @. Leta € A, N A,. Lets € S.

?

Therefore A; N A, is a left ideal of S. Since A, N A, € A;and A, N4, € A,
and since A; and A, are minimal left ideals, then A; N A, = A; and A; N
A, = A,. S0 A; = A,. This is a contradiction, so A; N A, = @. Note that the
proof that distinct minimal right ideals of a semigroup are disjoint is done

similarly. m

The final line, “Note that the proof that distinct minimal right ideals of a
semigroup are disjoint is done similarly,” is not included in any of the frameworks
because it reuses the first proof, and the rest in the box is the problem-centered part
(Selden & Selden, 2009) of the proof requiring argumentation and not necessarily
needing a framework.

3.4 Summary

To reiterate the above, the study was done in four phases. The first phase
consisted of the chunk-by-chunk coding of the 42-student constructed proofs, looking
for the uses of logic, other than common sense. This led to the introduction of such
categories as informal inference (I1) and definition of (DEF), which were described

in Section 3.2. The second phase was the coding of the homological algebra proofs
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using the same categories that were used in the first phase. The third phase was the
task-based interviewing of three students from the “proofs course.” The fourth phase
(reported in Section 3.3) was the use of a different coding scheme that categorized the
proof frameworks (i.e., the “logic-like” structures) used in the 42 student-constructed

proofs.
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CHAPTER 4: RESULTS AND DISCUSSION FOR THE LOGIC STUDY

In this chapter, | present the results of all four phases of my logic data
collection and analysis. | also discuss my conclusions and the limitations of my
research, and suggest future research areas or questions that arose from the study. In
addition, some educational implications will be briefly discussed. Recall, the four
phases of data collection presented in Chapter 3 were: (a) examining and categorizing
all of the 42 student-constructed proofs from a beginning graduate level “proofs
course” in a chunk-by-chunk manner, (b) examining 10 student-constructed proofs
from a more advanced graduate homological algebra course, (c) conducting and
analyzing task-based interviews with three mathematics graduate students a year after
they had taken the “proofs course,” and (d) coding the 42 student-constructed proofs
using a proof framework analysis, instead of a chunk-by-chunk analysis.

4.1 Results
4.1.1 “Chunk-by-chunk” analysis of proofs from the “proofs course”

In the chunk-by-chunk analysis of the student-constructed proofs from the
“proofs course,” just 6.5% (44 chunks) of the 673 chunks were informal inference
(11), and just 1.9% (13 chunks) were formal logic (FL), which were the two logic
categories that | found. However, perhaps surprisingly, | found that 30.2% of the
chunks (203 chunks) were definition of (DEF), 24.7% (166 chunks) were assumption
(A), and 16% (108 chunks) were interior reference (IR), making a total of 70.9% of

the chunks. Furthermore, of the assumption chunks, 72 chunks were assumption--
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choice (A-C), while 94 chunks were assumption--hypothesis (A-H). All categories of
chunks, and the number and percentages of each chunk category are listed in Table 3
below. The percentages of chunks are rounded to the nearest tenth of a percent. The

definitions of all categories of chunks can be found in Chapter 3.

Table 3: Numbers and percentages of chunks found in the “proofs course” proofs

# A ALG | C CONT | D DEF | ER | FL | Il IR | REL | SIM | SI
Chunks
“Proofs 673 | 166 23 | 56 41 32| 203 | 17| 13| 44| 108 3 3 4
class”
% of 100 | 24.7 33183 06 47] 302 25|19]65 16 0.4 0.410.6
chunks

4.1.2 “Chunk-by-chunk” analysis of proofs from the homological algebra course

In the chunk-by-chunk analysis of 10 proofs from the graduate homological
algebra course, only 10% (17 chunks) of the 170 chunks were informal inference (I1),
and just 0.6% (1 chunk) was formal logic (FL). In contrast, | found that 21.2% of the
chunks (36 chunks) were definition of (DEF), 18.2% (31 chunks) were assumption
(A), and 17.7% (30 chunks) were interior reference (IR), for a total of 57.1%. Table 4
below shows the chunk categories and the number of chunks in each category,
complete with percentages rounded to the nearest tenth of a percent, for the analyzed

student-constructed proofs coming from the homological algebra course.
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Table 4: Numbers and percentages of chunks found in the homological algebra proofs

# A ALG | C CONT | D DEF | ER FL | N IR REL | SIM | SI
Chunks
Homo- 170 31 4 | 14 0 5 36 21 1117 30 8 1 2
logy
% of 100 | 18.2 24| 8.2 0129 21212410610 177 4.7 06| 1.2
chunks

It seems likely that the larger percentage (54.9%) of definition of and
assumption found in the “proofs course,” versus the smaller percentage (39.4%)
found in the graduate homological algebra course, was due to the nature of the
“proofs course,” which covered a wide variety of topics. Thus it entailed a large
number of definitions. Notice, however, that there was not much difference in the
percentages of formal logic and informal inference used in the two courses (8.4% vs.
10.6%) and that the amount of formal logic in both courses was small (1.9% vs.
0.6%).

4.1.3 Task-based interviews

The three interviewed graduate students (Matt, Steve, and Jane) took three
different approaches to the proof of the theorem, “Every semigroup has at most one
minimal ideal,” suggesting they had differing concept images for several concept
definitions (Tall & Vinner, 1981). For example, for the definition of a “minimal ideal
of a semigroup,” Matt considered Venn diagrams when reflecting on the definition,
while the other two students stated in a subsequent debriefing that they had not

thought of using a diagram. Matt’s use of Venn diagrams allowed him to visualize
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ideals as subsets of a semigroup (Figure 1), but did not assist him in any way, perhaps

because the operation in a semigroup cannot be modeled with such diagrams.

Figure 1: Matt’s Venn diagram

Steve approached the proof differently by writing as many equations as
possible (Figure 2), eventually giving up on the pursuit due to time constraints.
Neither of the other two participants (Matt and Jane) used an approach with elements
of the hypothesized two ideals and the operation that were as detailed as the

calculations in Figure 2.
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Figure 2: Steve’s approach with equations

Jane was much more succinct in her proof, as shown in Figure 3. Although
she started her proof like the other two participants, she made a claim without
justification that the others did not, ultimately causing her to end her proof attempt
with a mistake.

While the three students’ proving approaches were different, none of them
proved the theorem correctly. This might however have been a result of the time

constraint.
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Figure 3: Jane’s succinct (but incorrect) proof

4.1.3.1 Matt

Matt started his proof construction by establishing familiarity with the
definitions of a semigroup and associativity in his scratchwork, which was different
from the scratchwork Steve displayed in Figure 2. His first thought was “that it seems
kinda obvious because . . . if the set has two minimal ideals . . . that seems kinda
contradictory.” He wanted to suppose there were two minimal ideals, but “there
could be more than two so I’'m trying to be as general as possible,” so he assumed
there were n minimal ideals (n meaning an integer greater than 1). He did not notice
that the assumption of n minimal ideals is not necessary to prove “at most one.” Matt
then drew some Venn diagrams (Figure 4), noting that the assumed minimal ideals
may be subsets of each other, something he described as “telescoping.” This suggests

that Matt’s concept image of “minimal” differed from its definition.
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Figure 4: Matt’s idea of “telescoping” ideals

Then concluding that he had run out of ideas, Matt looked at the notes again.
He considered intersections of minimal ideals, but believed that those intersections
would not be contained in the original n minimal ideals that he had introduced,
because according to him: “I'm also thinking about the many different combinations
you could get from all these different intersections. It looks like the number of ideals
is just going to keep growing.” This suggests that something was “blocking” Matt’s
recollection that the intersection of several sets is contained in each of the sets. At this
point Matt asked me to intervene since he needed clarification of the definition of
minimal ideal, thereby ending his individual proving attempt.
4.1.3.2 Steve

Steve received the notes and started by reading them thoroughly. After five
minutes, he started with a semigroup S and an operation, and mentioned that he

wanted to show that a minimal ideal was unique. He considered a minimal ideal, and
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argued that if there were no minimal ideal, then the theorem would be true. After
figuring out that he needed to assume there were two minimal ideals A and B, he then
“played with” elements of those two minimal ideals, noting that if he could show that
each minimal ideal was contained in the other, he would have a proof. Working for an
additional 20 minutes with elements and associativity of sets and elements (seen in
Figure 2), Steve did not complete his attempted proof. Somehow Steve missed using
that the intersection of ideals is an ideal. That intersection is contained in both of the
original ideals, and in case they are minimal, is equal to both.
4.1.3.3 Jane

Jane wrote definitions on scratchwork before attempting a proof. She then
assumed A and B were minimal ideals, and looked up the definition of a minimal
ideal. She subsequently claimed (without justification) that either A = B
or An B = @ (Figure 3). This was not in the provided notes, but might have arisen as
the activation of an imperfect memory. It is, however, true for minimal left ideals and
minimal right ideals. After correctly using a theorem listed in the provided notes, she
concluded A = B. She then said, “Ok, I’m done.” But in fact, the above lack of
justification can be seen as a significant gap in her argument, and hence as a mistake
in her proof.
4.1.3.4 Summary of task-based interviews

None of the three graduate students completed their proofs of the theorem

correctly. In fact, only one participant, Jane, finished her proof attempt within the 45
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minutes allotted for proof construction. Each student had assumed a semigroup S and
had started with two or n minimal ideals, which were part of the “proof framework”
that had been taught in the “proofs course.”
4.1.4 “Proof framework™ analysis

In the proof framework analysis (Chapter 3) of the 42 student-constructed
proofs, | found that the implication (IMP) framework was used 79 (of 107) times.
Uniqueness (UNIQ) was used nine times, contradiction (CONT) was used seven
times, mixed quantifiers (QF) was used six times, cases (CAS) was used four times,
and induction (IND) was used twice. However, two frameworks contraposition (CP)
and disjunction (OR) were not used. Thus, of the 107 frameworks (counting proof
frameworks and subframeworks) noted, 74% of the frameworks were implications,
thereby indicating that “direct proof” was the most frequent method of proof for the
students in the “proofs class.” This result (74%) matched what the professors of the
course had hypothesized regarding the frameworks that most provers would use for
the theorems in the notes. The results are given in Table 5 below, with the
percentages rounded to the nearest tenth of a percentage point. The definitions of all

categories of frameworks can be found in Chapter 3.

Table 5: Numbers and percentages of frameworks found in the “proofs course” proofs

TOTAL |CAS [CONT |CP |IMP |IND |OR |QF UNIQ

No. 107 4 7 0 79 2 0 6 9
% 100 3.7 6.5 0| 738 1.9 0 5.6 8.4
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4.2 Discussion
4.2.1 Logic in student-constructed proofs

The categories that addressed the research question, “Where is the logic in
[student-constructed] proofs?”” were informal inference and formal logic. Combined,
these two categories accounted for only 8.4% of all chunks in the “proofs course.”
This shows that in the final written proofs using a chunk-by-chunk analysis, very little
logic was used. Furthermore, formal logic itself constituted less than 2% of all chunks
coded, both in the “proofs course” (1.9%) and in the homological algebra course
(0.6%). This is the only logic that most students need to learn, and learn to use, that is
often provided to students at the beginning of a transition-to-proof course. An
implication for teaching is that because formal logic seems to occur fairly rarely, one
might be able to teach it in context as the need arises. Also there is a possibility that
doing so might be more effective as the context, the proofs themselves, would
provide a “concrete” grounding for the more abstract logic. There might be several
additional advantages:

1. A professor could get the students proving right away, thus providing
students an opportunity to build self-confidence about proof
construction.

2. Transfer of abstract learning has not been shown to be that effective

(Hill-Jackson, 2008), and teaching logic in context largely eliminates
the need for such transfer.
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3. Contextual learning helps students understand why some abstract
concepts are useful (Ramsden, 2003; Waddington, 2005).

4.2.2 Largest percentages of chunks in both courses

Definition of, assumption, and interior reference accounted for 70.9% of the
chunks in the analyzed proofs from the “proofs course.” This large percentage, which
leaves little room for logic, raises the question: Was this due to the somewhat unusual
nature of the “proofs course” with its wide spread of topics that entailed the
introduction of many definitions? This suggested a more concrete question: What
would be the amount of logic used in a chunk-by-chunk analysis of proofs in a
graduate mathematics course that concentrated on a single topic? A partial answer is
provided by the homological algebra course results. Those results, definition of
(21.2%), assumption (18.2%), and interior reference (17.7%), accounted for 57.1% of
the chunks, but logic was only 10.6%. This suggests that using definitions, assuming,
or introducing objects, and interior references, may be a large part, and logic may be a
small part of student proofs generally. Because only ten proofs from the homological
algebra course were coded, there might have been slightly different results if more
proofs had been considered and coded, but the results are nonetheless revealing.
4.2.3 Focus on definitions

The fact that in the student-constructed proofs coming from the “proofs
course,” the largest percentage of the chunks (30.2%) arose from using definitions

suggests that there may be a need to teach undergraduates how to read and use
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definitions. Indeed, there have been documented instances of undergraduate students’
struggle with definitions in abstract algebra (Asiala, Dubinsky, Mathews, Morics, &
Oktac, 1997; Edwards & Ward, 2004). What the results of the chunk-by-chunk
coding suggest is that there may be a need to include how to unpack and interpret
concept definitions in order to have students create usable concept images (Tall &
Vinner, 1981). For example, by definition, A U B is {x|x € A or x € B}, but one
usage is: If one has “x € A” or “x € B” then one can conclude “x € A U B.” Also, if
one has “x € A U B,” then one can say “x € A” or “x € B.” Some students do not
immediately connect this formal definition (with its set notation) to this “operable”
usage. Bills and Tall (1998) introduced a similar notion saying that a definition is
formally operable for a student if that student “is able to use it in creating or
(meaningfully) reproducing a formal argument [proof]” (p. 104).
4.2.4 Logic in the application of definitions and theorems

There is a certain amount of “hidden” logic that occurs as a warrant in using a
definition or previously proved theorem. A definition is normally an “if and only if”
statement although the “only if” may be implicit. For example, consider the
definition, for every function f: X = Y, f is onto if (and only if) for every y € Y,
there exists an x € X such that f(x) = y. Suppose in a partly completed proof one
has a function g: A — B that is known to be onto and b € B. One can use the
definition to argue that there is an a € A so that g(a) = b. This depends on the

validity of the following logical argument: 1. (from outside the proof) if g is onto and
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b € B then there is a € A so g(a) = b; 2. (from inside the proof) g isonto and b €
B; therefore 3. (used inside the proof) there is a € A so that g(a) = b. This kind of
“inside-outside” logical warrant appears to normally occur only implicitly in written
proofs. | have never observed it explicitly. Furthermore, I suspect that it is also
normally cognitively implicit for both authors and validators, that is, the above logical
argument is not brought into consciousness. To bring such implicit warrants into
consciousness would add considerably to the load on a prover’s working memory.
Showing that a certain structure in a proof satisfies a definition or the
hypothesis of a previously proved theorem also calls on the validity of, an often
implicit, argument used as a warrant. For example, consider again the definition of an
onto function. Suppose, in a partly completed proof, one has a function h: C - D. If
one can show (perhaps in a subproof) that for every d € D there is ¢ € C so that
h(c) = d, then one can conclude in the proof that h is onto. This depends on the
validity of the following logical argument: 1. (from the definition outside the proof) if
foreach d € D, there is ¢ € C so that h(c) = d, then h is onto; 2. (from inside the
proof) for each d € D, there is ¢ € C so that h(c) = d; therefore 3. (used inside the
proof) h is onto. This is again an “inside-outside” argument, showing that h is onto.
The implicit valid arguments involved in using definitions and showing that
definitions apply to structures in proofs appear to be mainly part of common sense.
However, Selden and Selden (2011) have pointed out that students have difficulty in

distinguishing between using a definition in a proof versus showing a definition
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applies to a structure as one of their 41 observed difficulties that undergraduate
mathematics students have in proving. In addition, Alcock and Weber (2005) have
shown that implicit warrants are sometimes not checked for correctness by students
attempting to validate proofs.
4.2.5 Assumptions and frameworks

Another category to note is assumption (A) with the second highest
percentage of the proof chunks (24.7%). The motivation for assuming objects in
mathematics is to argue properties about those objects, contributing to the beginnings
of proof frameworks. For example, using the implication framework for a proof, one
starts with “Let x € U” and supposes P (x), then argues Q (x). The chunks coded
assumption, such as “Let x € U” and “P(x),” are the same assumptions that appear in
coded proof frameworks. The implication framework assumption is the same as
assumption--hypothesis (A-H), which occurred more often (94 chunks) than
assumption--choice (A-C) (72 chunks) in the chunking of the student-constructed
proofs from the “proofs course.” This larger number (94 chunks) appears to be
because an emphasis of the “proofs course” was about constructing frameworks, and
a direct consequence of constructing proof frameworks is explicitly making
assumptions of the hypotheses.
4.2.6 Task-based interview results

A result from the task-based proving interviews was that the actions that | had

previously hypothesized for the proof construction did not match the actual actions of
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any of the interviewed students. For example, | had hypothesized that the students
would write the assumptions as their first line, leave a space, and then write what was
to be proved as their last line (as they had been encouraged to do in the earlier “proofs
course”). This is a proving technique (Downs & Mamona-Downs, 2005) that is not
often taught, yet was taught in the “proofs course” that the students had taken one
year earlier. Although all three students wrote “Let S be a semigroup” almost
immediately at the beginning of their proofs, thereby introducing the letter S, only
one student (Matt) left a space and wrote the conclusion at the end, after first doing
some algebraic manipulations. In fact, all three interviewed students immediately
assumed a semigroup S and further assumed that S contained two, or n, minimal
ideals--both actions that had been discussed in the “proofs course.” The framework
was partly there, and | was convinced that if they had had more time to work on their
proofs, they would have been able to complete them correctly. It is probably quite
difficult to be given a sheet of notes and in just 45 minutes finish a proof such as this,
even if one has seen, or worked on, that proof a year earlier.

| do not mean to suggest here that proof frameworks should always be
explicitly written into final proofs. While making proof frameworks explicit can be
useful in teaching, some final proofs have some proof frameworks implicit. In fact,
here the students’ main difficulty seems not to have been with proof frameworks, but

with what one might call “exploration.” One must note that if A and B are ideals, then
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AN B+ @and AN B isan ideal contained in both A and B. Then, if A and B are both
minimal, they must both equal A N B, and hence, be equal to each other.
4.2.7 Proof frameworks and logic-like structures

The analysis of proof frameworks suggested where the “logic-like structures”
are to be found. A proof framework is formed with a logical structure in mind, and
incorporates much of the logic used in a proof. This claim is supported by the small
amount of logic found in the chunk-by-chunk analysis. One teaching implication for a
transition-to-proof course is that it might be useful to find, and assign, proofs that call
on students to use each of the eight proof frameworks. It happened that in the “proofs
course,” students never used the contraposition (CP) or disjunction (OR) frameworks
and the professors indicated to me that opportunities to use them will occur in later
iterations of the “proofs course.”
4.2.7.1 Proof frameworks for topology

One can see that in most of the proofs of the topology theorems in the “proofs
course”, the contradiction framework was used extensively in the subproofs, with the
implication framework used as the main proof framework. The two examples given
below illustrate this. The rest of the coding of the frameworks is located in Appendix

F.

Example 1:
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Theorem 37: Let X and Y be topological spaces and f: X — Y be a continuous
function. If f is 1-1 and Y is Hausdorff, then X is Hausdorff.

Proof: Let X and Y be topological spaces and f: X — Y be a continuous, 1-1 function,
and let Y be Hausdorff. Let v,w € X, where v # w. Then f(v), f(w) € Y. Further,
since f is 1-1, f(v) # f(w). Since Y is Hausdorff, there exist open sets V, W where
f(w) eVand f(w) € Wsuchthat V. n W = @. Now since f is continuous, then
f~1(V)isopenand f~1(W) is open in X. Suppose f~1(V) n f~1(W) = @. Then
thereexistana € f~1(V)n f~Y(W).Soa € f~Y(V)and a € f~1(W). Then

f(a) €Vand f(a) € W,so f(a) € VnW. This is a contradiction, so f~1(V) n

W) =0.Asv e f~1(V)andw € f~1(W), then X is Hausdorff. m

The framework coding for the proof of Theorem 37 is below, with the implication
framework being used for the proof, and contradiction framework used for the
subproof:
e IMP: “Let X and Y be topological spaces and f: X — Y be a continuous, 1-1
function, and let Y be Hausdorff ... Asv € f~1 (V) and w € f~1(W), then X
is Hausdorff.”

e CONT: “Letv,w € X, where v # w ... This is a contradiction, so

fWMnftw) =0
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Example 2:

Theorem 38: If X is a Hausdorff space and x € X, then {x} is closed.

Proof: Let X be a Hausdorff space. Let x € X. Note {x} = X — (X — {x}). Suppose
y € X and y # x. Because X is Hausdorff, there is an open set P, for which y € B,.
There is also an open set R,, such that x € R, and P, N R,, = @. Suppose P, € X —
{x} then x € B, but x € R,,. Therefore x € P, N R,,, which is a contradiction.
Therefore, P, € X — {x}. Thus for every y # x there is an open set P, where y € P,
and P, € X — {x}. The union of all P, is equal to X — {x}, which is thus an open set.

Therefore {x} is closed, being the complement of an open set. m

The framework coding for the proof of Theorem 38:
e [IMP: “Let X be a Hausdorff space. Let x € X ... Therefore {x} is closed,
being the complement of an open set.
e CONT: “Suppose y € X and y # x ... Therefore x € P, N R,,, which

is a contradiction.”

4.2.7.2 Proof frameworks for real analysis
In the proofs of the real analysis theorems proved in the “proofs course”, the
implication framework was used, with the mixed quantifiers framework used later on

in constructing the proof, but not necessarily in the set-up of the initial proof
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framework. This illustrates the kinds of differences that can occur in proof
frameworks between mathematical topics such as topology and real analysis, and
indicates that students should experience a variety of different topics and different
theorems to prove in order to become mathematically proficient. Also, there might be
a mention in instruction of proofs-based courses of the most common frameworks
used in a certain topic so when students “get stuck™ in the proving process, they
would have another proof framework, or method of proof, to try. Of course, for this,
one must know what the most common proof frameworks are in a given mathematical
topic.
4.3 Future Research

It would be interesting to examine whether the kinds of chunks used in proofs
varies by mathematical subject area. For example, would topology have a different
distribution of categories of chunks than abstract algebra or real analysis? Coding the
small number of proofs in the homological algebra course led me to believe that there
are different distributions of chunks in different mathematical topics, but coding more
proofs must be done in order to substantiate this. Indeed, several mathematics
professors have suggested that | code chapters of various textbooks to see how much
formal logic occurs in them. Information of this kind would likely be useful in trying
to coordinate the kinds of proofs taught in a transition-to-proof course with the kinds

of proofs that occur in subsequent courses for mathematics majors.
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Furthermore, it may be that the kind of rather abstract formal logic explicitly
taught at the beginning of many transition-to-proof courses is actually
psychologically, and practically, disconnected from the process of proving for many
students. My conjecture is that this disconnect might lead to future difficulties in
many of the proof-based courses in students’ subsequent undergraduate and graduate
programs. An additional interesting question that arises from the “proofs course”
itself is: How many beginning U.S. mathematics graduate students need or could
benefit from a course specifically devoted to improving their proving skills?

In addition, can one identify a range of logic-like structures other than proof
frameworks or logic coded with the chunking process that students often need in
constructing proofs? Whatever the kinds of logic needed, one might investigate a
prover’s ability to implement some of it in an automated behavioral way. This could
help to reduce the burden on his or her working memory, and might free cognitive
resources to devote to the problem-solving aspects of proofs. That this might be the
case was suggested by Selden, McKee and Selden (2010).

4.3.1 Logic in the actions of the proving process

Finally, there may be additional logic that does not appear in a final written
proof, but that might occur in the actions of the proving process. This would be
interesting to investigate. For example, consider Theorem 1 (Appendix B) in the
“proofs course” notes, “For sets Aand B, if AnNB = A,then AU B = B.” The

hypothesized actions for one student-constructed proof of this theorem might be re-
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stating the hypothesis, “Let A and B be sets, and suppose A N B = A” at the
beginning of the proof, leaving a space, and then writing the conclusion, “Then

A U B = B,” at the bottom of the paper or chalkboard. The next action might be to
unpack the conclusion and to realize that proving a set equality entails proving that
each set is a subset of the other, that is, that A U B contained in B and B is contained
in A U B. This way of showing set equality is a technique that could be emphasized
more at the transition-to-proof level, even though some transition-to-proof textbooks
discuss it (Solow, 1982; Velleman, 1994), because something similar occurs in many
branches of mathematics. In number theory, for example, an analogous technique is
used. Proofs showing the equality of two numbers sometimes entail demonstrating
that one number divides the other and vice versa.

The next proving action might be to unpack the definition of subset. In this
hypothetical proof construction, one might first show that A U B € B by supposing
x € AU B and arguing towards x € B. This is subtle because x could be in A — B, or
in B. Because of this, one might take cases that cover the two possibilities. Using
cases produces another logic-like structure, because logically one must exhaust all
possibilities. “Suppose x € A” might be the first case, and since one has the
hypothesis, “A = A N B,” one can conclude “x € B.” This was written into the
student-constructed proof given in Appendix B as “Let x € A. Since A = A N B, then
X € B.” [This can be warranted by the following logical argument: From x € A

andA=ANB,onehasx € AnB.Thenx € Aand x € B, so x € B.] Notice that the
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implicit step “x € A N B” was omitted by the student prover, leaving the reader to
supply a warrant (Toulmin, 1969; Weber & Alcock, 2005).

The other case in this hypothetical proof construction is “Suppose x & A,” and
in this case, since x € A U B, by common sense logic one obtains x € B. Since both
possibilities have thus been exhausted, one can conclude x € B, and the first subset
inclusion has been proved. One would then go on to prove the other subset inclusion.
4.3.2 Subarguments and implicit arguments

Subarguments, such as the one in square brackets above, are sometimes
omitted from proofs when readers are assumed to have sufficient background
knowledge of the mathematics to provide them for themselves. The above implicit
sub-argument is very simple. Implicit arguments, including those from the student-
constructed proofs from the graduate homological algebra course, also seemed to be

relatively simple. For example, in the proof of Theorem 5 in Appendix C, there is the

C £ fk f fi fo
line “Then there are exact sequences 0 = Ky ,; > Py > +=> P, > P, > B — 0and

c
0 - Kpyq = Qy x5 Q 4 Qo %3 B — 07 — a fact which can be verified quite

quickly by noticing the injection of the K-modules and the fact that the rest of the
sequence is exact. | conjecture that in contrast, implicit arguments in mathematics
journals are often much more difficult for a reader to verify.
4.4 Summary and Teaching Implications

This study indicates that not much logic can be located in final written

student-constructed proofs using a chunk-by-chunk analysis. However, much more
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logic is included in the structure of a proof, otherwise noted as a proof framework.
One of the teaching implications that arises from the study is that one could design
transition-to-proof course to teach logic efficiently and effectively while teaching
proving, in order to provide a context for the logic being used. Also, in designing
such a course, one might code the proof frameworks of the proofs that one intends to
assign so that students could experience as many different proof frameworks as

possible in that area of mathematics.
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CHAPTER 5: LITERATURE REVIEW FOR IMPASSES STUDY
5.1 Mathematicians’ Practices

Research on mathematicians’ practices has been conducted in order to guide
teaching, since “the knowledge, practices, and habits of mind of research
mathematicians are . . . relevant to school mathematics education” (Bass, 2005, p.
417). Weber (2008) stated that, “investigations into the practices of professional
mathematicians should have a strong influence on what is taught in mathematics
classrooms” (p. 451). After interviewing eight mathematicians about how they
determined whether an argument was valid, Weber concluded that “the educational
implications of this study concern the finding that the processes involved in proof
validation are highly dependent on contextual factors . . .” (p. 451). Weber and Mejia-
Ramos (2011) interviewed nine additional mathematicians, along with the eight
mathematicians above (Weber, 2008), about the “goals guiding their reading of
published proofs and the type of reasoning they use to reach those goals” (p. 329).
Both articles examined mathematicians’ validation of proofs, that is, “the process an
individual carries out to determine whether a proof is correct and actually proves the

particular theorem it claims to prove” (Selden & Selden, 1995, p. 127).

Burton (1999) interviewed 70 research-mathematicians specifically for their
“attitudes, beliefs and practices . . . when engaged upon a research problem” (p. 121).
Misfeldt (2003) examined how mathematicians make use of writing and re-writing in

their own research. Carlson and Bloom (2005) investigated mathematicians’ practices
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during problem solving, an important component of constructing proofs. More
recently, Wilkerson-Jerde and Wilensky (2011) explored mathematicians’ learning of
new mathematics, noting that, “learning new mathematics is an important part of
expert practice for professional mathematicians” (p. 23). Finally, Samkoff, Lai, and

Weber (2011) examined how mathematicians use diagrams to construct proofs.

Although mathematicians’ practices have been examined in several ways,
there are aspects of their processes of producing mathematics that have not yet been
well examined. This study continues the above research’s common thread of
examining mathematicians’ practices in doing and learning mathematics, and in
particular, in constructing proofs in real time. Its findings should be useful in teaching
proof construction in a way that complements prior research on university students’
proving, including students’ difficulties with the proving process (Moore, 1994;
Weber & Alcock, 2004), students’ difficulties with validations of proofs (Selden &
Selden, 2003), and students’ difficulties with comprehension of proofs (Conradie &
Frith, 2000; Mejia-Ramos, et al., 2010), as well as Harel and Sowder’s (1998)
categorization of students’ proof schemes, that is, the ways university mathematics

students decide what is true.

5.2 Impasses, Incubation, and Insight
In examining mathematicians’ proof construction practices, I focused on

impasses, as well as on incubation and insight. While these ideas have been examined
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in the computer science, psychology, and mathematics education literatures, mainly

in analyzing problem solving, there has been little research on these ideas during
proving. A brief discussion of this literature provides background for this study’s use
of these terms in examining and analyzing proof construction. For example, Duncker
(1945) defined an impasse as a mental block against using an object in a new way that
IS required to solve a problem. In contrast, VanLehn (1990) appeared to mean
something different by an impasse. In his work on multi-digit subtraction, he
described four categories of impasses in the execution of procedural knowledge.
Those impasses were categorized by differences in the actions leading to an impasse,

and were treated like “computer bugs.”

5.2.1 Impasses in computer science

Some computer scientists concerned with automatic theorem provers have a
different meaning for (machine) impasses. Meier and Melis (2006) pointed out that an
automatic theorem prover “gets stuck” when the computer has no further techniques
with which to solve the current problem and ceases its pursuit of a proof. Actions
programmed to attempt to overcome such impasses include building “proof plans,”
but even such plans have their limitations because “some proofs contain parts that are
unique to that proof” (Lowe, Bundy, & McLean, 1998, p. 243). Meier and Melis
(2006) mentioned one definite advantage that humans have over automatic theorem

provers: “When an expected progress does not occur or when the proof process gets
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stuck, then an intelligent problem solver [i.e., a person] analyzes the failure and

attempts a new strategy” (p. 143).

5.2.2 Incubation and insight in the psychology literature
5.2.2.1 Definitions of incubation and insight

One way human problem solvers sometimes recover from an impasse is
through incubation. Incubation, according to Wallas (1926), is the process by which
the mind goes about solving a problem, subconsciously and automatically. It is the

second of Wallas’ four stages of creativity:

e preparation (thoroughly figuring out what the problem is),

e incubation (when the mind goes about solving a problem subconsciously

and automatically),

e illumination (receiving an idea after the incubation process), and

e verification (figuring out if the idea is correct).

Incubation has also been described in the psychology literature as “a gradual
and continuous unconscious process . . . during a break in the attentive activity
toward a problem” (Segal, 2004, p. 141). In addition, Smith and Blankenship (1991)
stated that “the time in which the unsolved problem has been put aside refers to the
incubation time; if insight [illumination] occurs during this time, the result is referred
to as an incubation effect” (p. 61). It has been conjectured that this effect happens best
when one takes a break from creative work (Krashen, 2001).

[llumination has been referred to by some authors as insight, or as a “Eureka”

or “Aha!” moment (Bowden, Jung-Beemen, Fleck, & Kounios, 2005). Of such
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moments, Beeftink, van Eerde, and Rutte (2008) observed: “Individuals suddenly and
unexpectedly get a good idea that brings them a great step further in solving a
problem” (p. 358) In the neuroscience literature, Christoff, Ream, and Gabrieli (2004)
have noted that insight, which might appear to be a spontaneously occurring thought
process, shares executive and cognitive mechanisms with goal-directed thought. This
preceding literature may provide some background for examining whether and how
incubation and insight can be found with graduate students’ and research
mathematicians’ proving.
5.2.2.2 Incubation and insight research in the psychology literature

Both incubation and insight have been studied in psychology with mixed
success. According to Smith and Blankenship (1991), “Several empirical studies have
tested incubation effects in problem solving. A few of these experiments found
incubation effects . . . In sum, these studies provide neither a strong base of empirical
support for the putative phenomenon of incubation nor a reliable means of observing
the phenomenon in the laboratory” (p. 62). More recently, Sio and Ormerod (2009),
in their meta-analysis of 29 articles covering 117 separate experiments dealing with
incubation, concurred: “Although some researchers have reported increased solution

rates after an incubation period, others have failed to find effects” (p. 94).

Psychologists have also tried to provide better ways of capturing the creative
process, including reinterpreting several theories of incubation (Helie & Sun, 2010)

and examining how creativity combines in neural patterns (Thagard & Stewart,
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2011). Some of these new ways of capturing creativity are theoretical and have yet to

provide consistent concrete evidence to back their claims.

As stated in Section 5.2.2.1, insight is also referred to as an “AHA!”
experience. There have been collaborations between psychologists and
neuroscientists to figure out exactly what parts of the brain are active when an
“AHA!” experience occurs. One study (Knoblich, Ohlsson, & Raney, 2001) looked at
the eye movements of participants while doing matchstick problems on a computer
display, noting when the participants had an insight. An example of a matchstick

problem is displayed in Figure 5.

Problem A: Move one matchstick to create a correct equation.

vV = 1ll 4+ |l

Problem A

Figure 5: Example of an insight problem from psychology
(Knoblich, Ohlsson, & Raney, 2001, p. 1002)

The researchers could determine whether the participants have achieved the

“AHA!” moment by viewing where their eyes fixated on the screen. The three results
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reported in this article were that (1) insight problems produce impasses (are correlated
with fewer eye movements on difficult problems) (2) impasses are caused by
inappropriate initial representations (indicated by eye attention being differently
allocated to the computer screen during problem solving) and (3) impasses are
resolved by relaxing inappropriate constraints and decomposing unhelpful perceptual
chunks (indicated by eye focus on the area on the screen needed to manipulate
towards a solution) (pp. 1007-1008). Bowden and Jung-Beeman (2003) found that the
“AHA!” experience corresponds With activity in the right hemisphere of the brain.
More recently, neuroscientists have captured “AHA!” moments with fMRI equipment
in order to determine which parts of the brain are activated when an insight occurs

(Kounios, et al., 2006; Smith, et al., 2006; Qiu, et al., 2010).

5.2.3 Creativity and incubation in mathematics and mathematics education

To date research on creativity and incubation in the mathematics education
literature has been sparse and primarily anecdotal. In the K-12 mathematics education
literature, one finds the following, “[a] period of incubation appears to be an essential
aspect of creativity requiring inquiry-oriented, creativity enriched mathematics

curriculum and instruction” (Mann, 2005, p. 20).

Garii (2002) interviewed mathematics students from grade 7 to grade 12 about
“how do [they] ‘know when [they] know’?” (p. 18). Summarizing what the students

said in focus groups, she stated: “the ‘Aha’ experience [may occur] when the learned
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material becomes a useable and internally explainable concept” (p. 1). She concluded
that the students felt as if preparation (in the sense of Wallas, Section 5.2.2.1) with
the problem can lead to insight. Mathematicians have also agreed that preparation is a
requirement for creativity. Mordell (1959), a mathematician, suggested that
mathematicians need to be immersed and motivated in a problem for creativity and
incubation to occur: “His [A mathematician’s] grasp of the situation, his knowledge,
his inventive powers, his insight, his perseverance and determination may suggest to
him possibilities that have long remained unnoticed by others” (p. 11). Byers (2007),
a mathematician, in his view of creativity in mathematics, described stages similar to
those of Wallas. He stated that:

The mathematician’s work can be broken down into various stages. The first

involves spade work: collecting data and observations, performing

calculations, or otherwise familiarizing oneself with a certain body of
mathematical phenomena. Then there are the first inklings that there exists in
this situation a pattern or regularity—something that is going on. This is
followed by the hard work of bringing the embryo into fruition. Then, finally,
when the idea has appeared, there is the stage of verification or proof.

(pp. 196-197)

In his investigation of mathematicians’ practices, Hadamard (1945) mailed
surveys to mathematicians around the world to collect information on what
mathematicians do. Nicolle, one of the mathematicians that responded to his survey,
concluded that “contrary to progressive acquirements, such an act [discovery of a

solution after an impasse] owes nothing to logic or to reason. The act of discovery is

an accident” (p. 19).

69



More recently, in his dissertation research on “AHAI” experiences, Liljedahl
(2004) used interviews with mathematicians in an attempt to obtain data on insight.
Liljedahl had tried creating an environment for mathematicians to exhibit insight, but
conceded:

“A further flaw in my experimental design was the role that the environment

and setting play in the facilitation of “AHA!” experiences. Upon reflection, |

now see that the clinical interview is not at all conducive to the fostering of

such phenomena. ...” (p. 49)

Still, both Hadamard and Liljedahl uncovered some evidence that
mathematicians use incubation and then experience insights when solving problems. |
hope to add to this literature, partly by narrowing the focus to theorem proving,

making observations in a realistic setting, and supplying notes on an unfamiliar topic

for mathematicians to work on.

Creativity and incubation are rarely captured in research: “[S]tudying a
mathematician’s or student’s creativity is a very difficult enterprise because most
traditional operationalized instruments fail to capture extra cognitive traits” (Freiman
& Sriraman, 2007, p. 23). Some instruments that have been used to capture creativity
or incubation in mathematics education include video interviews, written work, or
problem/proving sessions in front of a camera. In Chapter 6, I introduce a new
technique that tries to situate participants in a comfortable, realistic setting while
using theorems difficult enough for instances of impasses and, in some cases,

incubation, to be observed.
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5.3 Summary

Impasses can occur during problem solving and during the proving process.
The computer science literature has defined an impasse during proving as the point at
which the computer has no further techniques with which to solve the current
problem and ceases its pursuit of a proof (Meier & Melis, 2006). The psychology
literature has defined impasses as a “mental block against using an object in a new
way that is required to solve the problem” (Duncker, 1945). In Chapter 6, | formulate

a definition of impasse that deals specifically with proving theorems in mathematics.

Also, the psychology literature, and to a minor extent, the mathematics
education literature have examined incubation as an action to overcome an impasse.
In Chapter 6, | formulate a definition of incubation during theorem-proving. Using a
new technique of capturing the real-time proving process, | obtained data that allowed
me to conjecture when impasses occur. I examine some of the data using “timelines,”

which are also described in Chapter 6, for instances of incubation.
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CHAPTER 6: RESEARCH QUESTIONS AND METHODOLOGY FOR
IMPASSES STUDY

In this chapter, I detail the research questions dealing with the proving process
and the new data collection technique that allowed for detailed accounts of both
graduate students’ and mathematicians’ proving. According to the research reported
in Chapter 5, researchers have had trouble with capturing the proving process in real
time (Liljedahl, 2004; Freiman & Sriraman, 2007). In particular, incubation has been
a subject mathematics educators have only considered using anecdotal data. | propose
three research questions in an attempt to add to the research literature:
1. Can researchers capture the proving process in real time without a time
constraint?
2. What do mathematicians do when they reach an impasse?
3. What do graduate students, who are being groomed to be mathematicians, do
when they reach an impasse, and are their actions the same as those of
mathematicians?
6.1 Theoretical Framework

By an impasse, | mean a period of time during the proving process when a
prover feels or recognizes that his or her argument has not been progressing fruitfully
and that he or she has no new ideas. What matters is not the exact length of time, or
the discovery of an error, but the prover’s awareness that the argument has not been
progressing and requires a new direction or new ideas. Mathematicians themselves

often colloquially refer to impasses as “being stuck™ or “spinning one’s wheels.” This

is different from simply “changing directions,” when a prover decides, without much
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hesitation, to use a different method, strategy, or key idea, and the argument
continues.

There appear to be two main kinds of mental or physical actions that provers
take to recover from an impasse. One kind of action relates directly to the ongoing
argument. The other kind of action consists of doing something unrelated which can
be either mathematical or non-mathematical. Examples of both kinds will be provided
below in Chapter 7.

While the treatments of impasses, incubation, and insight mentioned in
Chapter 5 may be useful in investigating a wide range of instances of creativity and
problem solving, constructing proofs in mathematics seems to be a topic that calls for
some modification of those ideas. For example, all of the 117 experiments considered
by Sio and Ormerod (2009) in their meta-analysis of incubation studies used an
incubation period of just 1-60 minutes, but mathematicians routinely take more time
to overcome impasses in their research, and their proofs tend to be rather long and
complex. Remote association tasks, where there are three words (electric, high, and
wheel) and the participant is supposed to come up with a fourth word (chair) that can
form an association among those three words, is an example of a test used in an
incubation experiment. For a thorough summary of many problems used in incubation
and insight experiments, see Chu and MacGregor (2011, pp. 125-129).

With this in mind, I define incubation as a period of time, following an

attempt to construct at least part of a proof, during which similar activity does not
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occur, and after which, an insight (i.e., the generation of a new idea moving the
argument forward) occurs. There might be ultimate success or failure with an insight
arising from incubation, but that can only be determined by subsequent verification of
the new idea’s usefulness. A long proving process might entail several impasses and a
number of incubation periods (and subsequent insights), only some of which
ultimately contribute to the final proof.
6.2 Methodology

Nine mathematicians (three algebraists, three topologists, two analysts, and
one logician) agreed to participate in this study on proving. They were provided with
notes on semigroups (Appendix H) containing 10 definitions, 7 requests for
examples, 4 questions to answer, and 13 theorems to prove. The notes were a slight
modification of the semigroups portion of the notes for a “proofs course” for
beginning graduate students--the same “proofs course” discussed in Chapter 3. The
slight modification on the notes was merely a renumbering for easy access to what
was required of the participant. | renumbered every item that required an answer or
proof as a number (1-22), and every definition was lettered (A-J) for the participant to
use without justification. This topic, semigroups, was selected because the
mathematicians would hopefully find the material easily accessible, and because there
are two theorems towards the end of the notes (Theorems 20 and 21 of Appendix H)
that have caused substantial difficulties for beginning graduate students. During their

exit interviews, two mathematicians offered that the choice of semigroups had been
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judicious, because they had been able to grasp the definitions and concepts quickly,
and because at least one of the theorems had been somewhat challenging to prove.
The data collection was split into two groups: four mathematicians writing proofs on

tablet PCs, and five mathematicians writing proofs with a LiveScribe pen and special

paper.

6.2.1 Tablet PC

With the tablet PC group, | approached each mathematician separately to
explain how to use the hardware and the software. | explained how to use the stylus
that came with the tablet PC and how to turn the tablet PC around in order to be able
to write on it. There were two software programs on the tablet PC that the
mathematicians were to work with: CamStudio screen-capturing software and
Microsoft OneNote, which was the space on which the mathematicians wrote their
proof attempts. The mathematicians each kept the tablet PC for a period of 2-7 days.
After the tablet PC was returned, | analyzed the screen captures (resembling small
movies in real time) and the mathematicians’ proof writing attempts. All proof
writing attempts on OneNote were exported as PDFs for analysis. One or two days
after this initial analysis of a mathematician’s work, | conducted an exit interview,
during which | asked about their proofs and proof-writing. Those exit interview

questions can be found in Appendix J.
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6.2.2 LiveScribe pen

The LiveScribe pen group consisted of five mathematicians. | approached
each of these mathematicians separately to explain how to use the LiveScribe pen and
special paper. The LiveScribe pen captures both audio and real-time writing using a
camera near end of the ballpoint pen. When one presses on the “record” square at the
bottom of the special paper with the pen, the pen goes into audio record mode, which
then allows for the real-time capturing of the writing and speaking. The pen can be
stopped by a “stop” button, and all proving periods are time-and-date stamped.
Uploading the pen data to a computer goes through the LiveScribe software, and |
exported each mathematician’s collected proving periods together in one PDF file
called a “pencast.” Two pencasts are transcribed in detail in Appendix K. The
mathematicians each kept the LiveScribe pen and paper for a period of 1-10 days. |
collected the work of each mathematician, analyzed the data for a period of 1-2 days,
and then conducted an exit interview with each of them. The questions for this group

of mathematicians were the same as those for the tablet PC group.

6.2.3 Transition from tablet PC to LiveScribe pen

The switch from tablet PC to LiveScribe pen was done for several reasons.
First, tablet PCs cost $900 and up, whereas LiveScribe pens cost just $99 and up.
Second, the size of a movie file for a tablet PC screen capture of 16 minutes is one
gigabyte, whereas an almost five hour proving session on a LiveScribe pen is just 60

megabytes. Third, the mathematicians were much more comfortable with pen and
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paper than with the tablet PC and a stylus, because they had to learn how to handle
the tablet. Fourth, there were no visual or auditory quality differences between the
data collected using the two techniques. This allowed for a smooth transition of data
collection techniques to one that I felt was the most comfortable for the participants,

and provided all the real-time data collection that | needed.

6.2.4 Data examination

Four of the nine interviews were transcribed for analysis. Two of the proving
sessions was also transcribed for possible impasses (Appendix K). I took all time and
date stamps of the recordings and listed them into an Excel spreadsheet, in which |
could figure out average technology times and number of pages used. These time and
date stamps, along with the pages used, are located in Appendix G. Instead of fully
transcribing the proving sessions, I constructed timelines of some of the professors’
and graduate students’ work. All timelines are located in Appendix I. This allowed
me to hypothesize if and when they came to an impasse. Consequently, I could ask
about that impasse in the exit interview to obtain more information about how the
participant handled the impasse. A sample of a timeline of Dr. G proving Theorem 20

of Appendix H is below in Table 6:

Table 6: Sample timeline data for Dr. G

7:02 AM | 12/3/11 | 2 min. | Dr. G writes the theorem and pauses for a minute
and a half. Then he writes, “Hmm . . . 'm taking a
break, breakfast, etc. Back to this later. Must think
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Table 6 continued:

| on this.”

BREAK 7:04 AM - 8:07 AM

8:07 AM

12/3/11

3 min.

Dr. G writes, “Ok, I thought about this while on a
cold walk in the fog.” He then proceeded to create
an ideal gS = {gs|s € S}. He correctly concludes
that gS = S, but then claims that there are inverses.
After 30 seconds, he strikes out his proof, claiming
that he “need[s] an identity, not given.” This is an
impasse that Dr. G experiences.

BREAK 8:10 AM - 9:44 AM

9:44 AM

12/3/11

15 min.

He is “suspicious” that the theorem is true. But he
struggles for a counterexample. He talks about what
the counterexample would satisfy, then he moves
on to Theorem 21. He states an incorrect counter-
example to Theorem 21, and moves on to Question
22. He answers all of Question 22 correctly, and
then states, “I should be returning to Theorem 20
which is the remaining outstanding thing. But |
think | need a break to think about it.” This is a
conscious action for incubation.

BREAK 9:59 AM - 10:08 AM

10:08 AM

12/3/11

11 min.

He uses his previous ideal and manipulates it the
correct way to receive an identity and an inverse.

These timelines are a summary of the data collected. If there was a certain

item that needed to be examined more thoroughly, looking at the timeline allowed for

a quick way to access the correct date and time in the proving session. Also, it

exposed the impasses and possible incubation periods. Notice in the above timeline

that Dr. G had impasses beginning at 8:10 AM and at 9:59 AM. In both cases, he

acknowledged the need for a break since he may have had no new ideas to write

down. There were breaks from 8:10 AM to 9:44 AM and again from 9:59 AM to
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10:08 AM. Both breaks may be considered incubation time. In the subsequent exit
interview, Dr. G stated that he had had breakfast and conversation with his wife, but
also acknowledged that he had been consciously thinking about the problem during
those times.

Looking at such timelines can suggest the ways a participant recovered from
an impasse. For example, Dr. G took breaks which included walking, according to his
8:07 AM session. Also, in the 9:44 AM to 9:59 AM session, he moved on with the
notes to possibly generate new ideas. Both actions were revealed by analyzing the
data, and the timeline provides a short summary of what happened.

6.2.5 Conduct of the focus groups

There were two focus group interviews conducted by myself and two other
researchers. The first focus group interview was comprised of Drs. A, B, C, and D
and was 50 minutes in length. The interview was semi-structured and considered all
the questions located in Appendix J. Other questions came from the two researchers
who were filming and taking notes.

The second focus group consisted of Drs. F, G, H, and I. Dr. E was invited,
but was unable to attend due to other commitments. This focus group interview was
one hour and ten minutes in length and used the same questions located in Appendix
J. Forty minutes into this interview | presented all four mathematicians with two
proofs of Theorem 20 (in Appendix H) done by graduate students for their

consideration.

79



6.3 Summary

Data was collected using (1) tablet PC and LiveScribe pens, (2) exit
interviews, and (3) focus group interviews. The tablet PC and LiveScribe pen sessions
allowed the participants to have unlimited time to prove all the theorems in the notes
while providing real-time proving data. The exit interviews provided additional
information regarding what was going on during the data collection sessions, while
also providing information about the impasses and the actions taken to overcome
them. The focus group interviews allowed the mathematicians in the study to discuss
their reactions to participation in the study and allowed them to discuss, in a relaxed

setting, methods they have used in the past to recover from impasses.
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CHAPTER 7: RESULTS FOR IMPASSES STUDY
7.1 Results
7.1.1 Summary data

Four of the nine mathematicians that participated in the study had problems
with the technology and thus did not produce “live” data. However, all four provided
good written data, whether it was with the tablet PC on OneNote or with writing on
the LiveScribe paper without audio/video recording. From this data I could still
conclude that some mathematicians had impasses because they were candid in writing

all of their work, including crossing out failed attempts.

The average total work time on the technology was two hours and five
minutes. This time was calculated by adding the durations of their actual work,
obtained from the date and time stamps. The average time from the first “clocked in”
time-and-date stamp until the last “clocked out” time-and-date stamp was 19 hours,
56 minutes. The average number of pages written was slightly under 13. All of these
statistics can be found in Appendix G. These three statistics allow one to conclude
that the mathematicians expended considerable effort on proving the theorems and
producing examples. Six of the nine mathematicians had impasses when proving one
of the last two theorems (Theorems 20 and 21 in Appendix H). Most mathematicians
correctly proved most of the theorems very quickly until they got to those final two

theorems. Two of these mathematicians will be discussed in detail in the next section.
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7.1.2 Case studies of two mathematicians’ proving

Here is a description of an impasse, an incubation, and an insight leading to a
proof for two of the mathematicians: Dr. A, an applied analyst and Dr. B, an
algebraist. The technology worked for Dr. A and part of his work is described below
using the time-and-date stamps. For Dr. B, the technology did not work well, but
good quality written work and the exit interview data allow some of his work to be

presented below in paragraph form.

7.1.21Dr. A
In proving Theorem 21, "If S is a commutative semigroup with minimal ideal
K, then K is a group,” Dr. A experienced an impasse, an incubation, and a resulting

insight. The following abbreviated, interpreted timeline (Table 7) illustrates this.

Table 7: Timeline for Dr. A showing an impasse and an insight

3:48 PM 7/13/11 | 9 min. | At this time Dr. A first attempted a proof of
Theorem 21. He stopped and moved on to
Question 22.

BREAK 3:57 PM - 4:01 PM

4:01 PM 7/13/11 | 16 min. | Continuing later, when he had finished Question
22, Dr. A scrolled up to his first proof attempt. He
looked at his answer to Question 22, and at the ten
minute mark, erased his first proof attempt. He
then scrolled back to his proof of Theorem 20,
viewed it for one minute, and wrote “the argument
above proves that K has a multiplicative identity in
S.” There was a brief pause, after which he
scrolled up to the proof of Theorem 20 again for
the final 30 seconds. Proving ended for the day at
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Table 7 continued:

| 4:17.

BREAK 4:17 PM July 13" - 11:07 AM July 14"

11:07 AM

7/14/11

11 min.

The next day Dr. A again started attempting to
prove Theorem 21. But this time he used a
mapping ¢ [Jthat multiplied each element by a
fixed k, (an idea from his own research). He
struggled with some computations until the end of
this “clocked in” period.

BREAK 11:18 AM - 11:32 AM

11:32 AM

7/14/11

5 min.

When he “clocked in” again, Dr. A again worked
with the mapping idea and then wrote, “I don’t
know how to prove that K itself is a group. For
example, I don’t know how to show that there is
an element of K that fixes k,,” acknowledging that
he was at an impasse.

11:38 AM

7/14/11

23 min.

However, Dr. A continued trying unsuccessfully to
use his mapping idea.

BREAK 12:01 PM - 12:22 PM

12:22 PM

7/14/11

6 min.

When Dr. A “clocked in” again, he continued
trying unsuccessfully to use his mapping idea. For
example, he wrote, “To prove ¢ is well-defined,
let tk, = x,tk,; = k,. Let v be any other element
of S such that vk, = x. Choose any w € S s.t.

wx = k,. Then vk, = vwx = vwtk, = twvk, =
twx = tk,. S0 ¢(t) is determined once tk, is
determined.”

BREAK 12:28 PM - 12:55 PM

12:55 PM

7/14/11

5 min.

Later on, when he “clocked in” again, after a 33-
minute gap (which might be considered an
incubation period), Dr. A proved Theorem 21
writing “Proof of theorem: We just need to show
that K itself has no proper subideals. But K is
principally generated, i.e., fix any k, € K and

K = {sky:s € S} since K is [a] minimal [ideal]. If
L were a proper ideal of K .. .” Notice that this
idea (an insight) for proving Theorem 21 differs
from the idea he had tried 33 minutes earlier.
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Dr. A indicated in his exit interview where he had had an impasse, noting
"One has to show there aren't any sub-ideals of the minimal ideal itself, considered as
a semigroup, and that's where | got a little bit stuck.” This is because the concept of
ideal really depends on the containing semigroup, here S or K. Dr. A also indicated
how he consciously generally recovers from impasses: he prefers to get "un-stuck” by
walking around, but distractions caused by his departmental duties also help. That is,
he often takes a break from his creative work by purposely doing something
unrelated. In this case, Dr. A took several such breaks, but only the last one yielded a

useful new idea.

7.1.22Dr. B

Dr. B experienced an impasse on the penultimate theorem (Theorem 20), "If S
is a commutative semigroup with no proper ideals, then S is a group.” Unfortunately
with Dr. B, there were no screen captures, but his written proof attempts were very
detailed and the exit interview was very informative. He wrote, "Stuck on [Theorem]
20. It seems you need [to hypothesize] 1 € S, but | can't find a counterexample to
show this [that the theorem is false].” Dr. B next moved on to the final theorem
(Theorem 21), the one on which Dr. A had had an impasse, proved it correctly, and
then crossed out his proof, perhaps because he had used his as yet unproved Theorem
20. After that, he moved on to the final request for examples (Question 22),
explaining in his exit interview, "I moved on because | was stuck [on Theorem 20]

... maybe | was going to use one of those examples . . . I might get more information
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by going ahead.” Dr. B's next approach was to attempt to create counterexamples for
Theorem 20. After considering his candidates for counterexamples for some time and

being interrupted by taking his family to lunch, Dr. B proved both theorems correctly.

In his exit interview, Dr. B stated that he had developed a belief that had
confused him, and thought that he needed to assume that there was an identity
element. He also said, "I probably spent 30 minutes to an hour trying to come up with
a crazy example. | went to lunch and while I was at lunch, then it occurred to me that
| was thinking about it the wrong way. So | went back then and it was quick [using

that insight]."

7.1.3 Impasse recovery
Below in Table 8 are descriptions of the various actions the mathematicians in
this study used to recover from impasses, listed according to whether they were

directly related to the ongoing argument, or not directly related to it.

Table 8: A table of actions the professors took to overcome impasses

Actions Directly Related Actions Unrelated
Using methods that occurred earlier in Doing other mathematics
the session
Using prior knowledge from their own Walking around
research
Using a (mental) database of proving Doing tasks unrelated to mathematics
techniques
Doing other problems in the problem set | Going to lunch/eating
and coming back to the impasse
Generating examples or counterexamples | Sleeping on it
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Some actions to recover from an impasse were observed in the proving
processes of the mathematicians in the data collected while they worked alone,
whereas other actions were first mentioned during the exit interviews or focus group
discussions. All of the described actions have exit interview or focus group quotes

from the mathematicians illustrating them.

7.1.3.1 Impasse recovery actions that are directly related to the argument

(@) Using methods that occurred earlier in the session: Some of the
mathematicians in this study tried to use a proving technique that they had used
earlier in the proving session to overcome an impasse.

It would be fairly easy to prove . . . it’s likely an argument, kind of like the

one | already used . . . . (Dr. H)

(b) Using prior knowledge from their own research: There were
mathematicians in this study who tried to use their own research to overcome an
impasse.

I'm trying to think if there's anything in the work that | do that . . . | mean

some of the stuff I've done about subspaces of LZ(R), umm . . . there are

things called principal shift invariance spaces that the word principal comes

into play. (Dr. A)

(©) Using a (mental) database of proving techniques: One of the
mathematicians, Dr. F, had a (mental) database of proving techniques in her head.

Your brain is randomly running through arguments you’ve seen in the past . . .
standard techniques that keep running through my head, sort of like
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downloading a whole bunch at the same time and figuring out which way to
go. (Dr. F)

(d) Doing other problems in the problem set and coming back to
the impasse: Five of the nine mathematicians in the study approached their
proving impasses by moving on to consider the rest of the problems in the
notes.

I moved on because | was stuck . . . maybe | was going to use one of those

examples [Question 22] . . . | might get more information by going ahead.

(Dr. B)

(e) Generating examples or counterexamples: Three of the
mathematicians in the study attempted to construct counterexamples to some of the
theorems when they felt a theorem had not been correctly stated.

At first I thought, ‘How could I prove this?” And I didn’t immediately think of

a proof. Then I thought, ‘what about a counterexample?’ and pretty quickly I

came up with a counterexample, of course which turns out not to be right.

(Dr. G)
7.1.3.2 Impasse recovery actions that are unrelated to the argument

(@) Doing other mathematics: Some mathematicians indicated that they
might go to another project to help them overcome proving impasses.

What | try to do is to keep three projects going . . . | make them in different

areas and different difficulty levels . . .. (Dr. E)

(b) Walking around: Some mathematicians indicated that sometimes they

may choose to walk around to overcome a proving impasse.
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When I’'m stuck, I often feel like taking a break. And indeed, you come back
later and certainly for a mathematician you go off on a walk and you think
about it. (Dr. G)

(c) Doing tasks unrelated to mathematics: This is the second non-
mathematical action unrelated to an impasse. This action was also perhaps the most
unusual, and Dr. E seemed slightly embarrassed when he reported the action to me.

Yeah I'll do something else, and I’ll just do it, and if there’s a spot where I get

stuck or something, I’ll put it down and I’ll watch TV, I’ll watch the football

game, or whatever it is, and then at the commercial I’ll think about it and say,

‘yeah that’ll work’. ... (Dr. E)

(d) Going to lunch/eating: This action was shown to be effective with Dr.
B earlier in Section 7.1.2.2.
So I had spent probably the last 30 minutes to an hour on that time period
working on number [Theorem] 20 going in the wrong direction. Ok, so | went
to lunch, came back, and while I was at lunch, I wasn’t writing or doing
things, but | was just standing in line somewhere and it [an insight] occurred
to me the . .. (laughs) . . . how to solve the problem. (Dr. B)
(e) Sleeping on it: The last action to overcome an impasse seems
to be the easiest for a mathematician. Proving can involve mental exhaustion,
so resting can help one’s exploration for new ideas.
It often comes to me in the shower . . . you know you wake up, and your brain
starts working and somehow it [an insight] just comes to me. I’ve definitely
gotten a lot of ideas just waking up and saying ‘That’s how I’m going to do
this problem.” (Dr. F)

The first of the above actions, namely, doing other mathematics, is

mathematical, whereas the remaining actions are non-mathematical diversions. Most
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of the actions that the mathematicians took to overcome their proving impasses were
enacted more or less automatically and were not mentioned during their proving
sessions. However, the mathematicians did acknowledge those actions during their

exit interviews or in the focus group discussions.

7.1.3.3 Impasse recovery actions from graduate students
The graduate students that participated in the study indicated some actions
that they used to overcome impasses both during the study and in their own work. All

actions are accompanied by exit interview quotes.

(@) Taking a break/going away from the problem: Four out of five
graduate students described some form of “taking a break,” whether it would be with
family, in bed at night, or in general just away from the problem.

Usually I will leave it [the problem] for a few, couple hours. I will think about

it in the next morning. During that time I will have a fresh mind . . . . (2)

(b) Looking at the notes/other literature: Two of the five graduate
students noted that the way they got “un-stuck™ or out of an impasse was to look at
notes or other literature to generate more ideas--either understanding what the
theorem says or generating ideas about how to approach the proof.

| try to look at the stuff that pertains to the section of the book that this thing

that I’m working on is coming out of, because most likely that [stuff] is going

to help me. Also | try to remember other facts that might make this thing
easier than | expect it to be. (RI)
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7.2 Discussion

A majority of the nine mathematicians in this study exhibited impasses and
recoveries from those impasses, including some due to incubation. Furthermore, there
were a number of instances in which impasses and recoveries, or incubations, might
have occurred in a way that could not be observed. For example, all of the
mathematicians reported that when they first received the notes they immediately
read them to estimate how long the proofs might take, but none started proving right
away. In addition, there were periods during the proving sessions when nothing was
recorded, and there were also substantial gaps between the “clock in” and “clock out”
times during the proving sessions. Furthermore, when the mathematicians next
“clocked in” after having left a proof attempt without finishing it, they almost always

had a new idea to explore.

In the focus groups, the mathematicians also discussed methods of impasse
recovery and what amounts to incubation (that can occur independent of an impasse).
They all did this in a relaxed, assured way, not like someone discussing something
unfamiliar, but rather like someone discussing practices built up over some time.
They described a remarkable number of ways of recovering from an impasse (See
Section 7.1.3 above). Furthermore, they mentioned benefits that appear to go beyond
just restarting an argument, such as clearing the mind or developing more

understanding of the theorem.
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There was a difference in the actions used to recover from impasses between
the graduate students and mathematicians. Graduate students take breaks quite like
the mathematicians, but it seems that the mathematicians have a specific routine that
they have acquired, whereas the graduate students seem to take a break in general.
Also, the mathematicians had a more diverse set of actions to overcome impasses
than the graduate students. Since graduate students are usually collaborating on
homework or other assignments, they might also be acquiring each other’s work
habits; hence there were only two actions to “get un-stuck” (Section 7.1.3.3).
Mathematicians may not collaborate as often with each other since they are in
different fields of mathematics; hence there might be more diversity in their actions to
overcome impasses. Also, mathematicians seem to acquire their own actions to
overcome impasses over time. For example, Dr. F has a mental database of proving
techniques. This database may be established with experience, and the graduate
students are only now gathering experience.

During one focus group interview, Dr. G stated:

When we are working on something, we are usually scribbling down on paper.

When you go take a break, . . . you are thinking about it in your head without

any visual aids . . . [walking around] forces me to think about it from a

different point of view, and try different ways of thinking about it, often

global, structural points of view.

There is no “scribbling on paper.” Doing this, he believed, might assist in

understanding the structure of a problem or even of an area of mathematics. In a

somewhat similar vein, Dr. F offered the following, “You just come back with a fresh

91



mind. [Before that] you’re zoomed in too much and you can’t see anything around it
anymore.” This seems to be a somewhat more local broadening perspective.

From Dr. G, one sees that there might still be conscious thought about the
current mathematical problem going on during a break so he is not referring just to
incubation. Dr. F added that “freshness” of mind might also help with overcoming
proving impasses. Also, simply going away from and coming back to a problem or
proof might yield new ideas for recovering from an impasse. Dr. A stated, “I do have
a belief that if [ walk away from something and come back it’s more likely that I’ll
have an idea than if [ just sit there.” These remarks indicate that some mathematicians
take deliberate actions to overcome impasses and also to improve the breadth or
quality of their perspectives.

Conscious, or deliberate, incubation has been shown in the psychology
literature to result in a greater incubation effect than merely being interrupted during
the problem-solving process. “Individuals who took breaks at their own discretion (a)
solved more problems and (b) reached fewer impasses than interrupted individuals”
(Beeftink, van Eerde, & Rutte, 2008). Ironically, interruption seems to have been
useful in the case of Dr. B, who said that he would have worked non-stop if he had
not been interrupted for lunch with his family. This also agrees with the psychology
literature: “It was also found that interrupted individuals reached fewer impasses than
individuals who worked continuously on problems” (Beeftink, van Eerde, & Rultte,

2008). Finally, in their meta-analysis of the incubation literature, Sio and Ormerod
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(2009) stated that “low-demand tasks” done in the incubation period yielded positive
incubation effects. When compared to high-demand tasks, they stated: “There
remains a possibility, of course, that a sufficiently light load might allow additional
covert problem solving compared with a heavier task load” (p. 107). One
mathematician, Dr. E, stated that he had different projects in different difficulty levels
and rotated among them, which correlates well with the positive effect Sio and
Ormerod found in the incubation literature.
7.3 Educational Implications

The Results and Discussion sections above suggest that proving impasses,
recoveries from them, incubation, insight, and the ability to deal with such topics is a
significant part of doing mathematics, and in particular, of constructing proofs. Thus,
it is worth examining how they might be taught. The ways of doing this are yet to be
examined in detail. However, one small example can be provided. The professors in
this study were unaware of the origin of the notes (Appendix H), and one tried to
construct counterexamples. In fact, the notes were designed for teaching beginning
graduate students about proving. Theorems 20 and 21 can be made much easier by
adding a comment about careful reading of the definition of ideal (Definition B of
Appendix H) and by adding two easily proved lemmas for Theorem 20. These were
omitted from the notes to provide beginning graduate students with experiences

similar to those of these professors. Most students would probably require several
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attempts and some advice for proving Theorems 20 and 21. However, the experience

of trying may still be valuable.

Similar experiences can probably be provided to undergraduate students who
are not yet familiar with constructing proofs by considering the problem-solving
literature. A problem that is likely to generate impasses is probably close to what
Schoenfeld (1982) described as a “rich” problem:

. The problem needs to be accessible. That is, it is easily understood,

and does not require specific knowledge to get into.

o The problem can be approached from a number of different ways.

. The problem should serve as an introduction to important

mathematical ideas.

o The problem should serve as a starting point for rich mathematical

exploration and lead to more good problems. (as cited by Liljedahl, 2004,

pp. 187-188)

Notice that in the list of actions to overcome impasses (Section 7.1.3), the
mathematicians moved on to consider the request for examples (Question 22 of
Appendix H), having observed that considering them might be useful. This action to
overcome an impasse can relate well to students’ experiences, because homework
assignments usually consist of multiple problems, so they can go ahead to another
problem when they are “stuck.” Furthermore, students may need to experience
successes in order to acquire confidence in their proving ability, and telling them

what mathematicians do when they “get stuck” might help them when they have “no

idea what to do next.” Moreover, there is support from the psychology literature
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about the positive effects of incubation in the classroom. Sio and Ormerod (2009)
mentioned four articles where “educational researchers have tried to introduce
incubation periods in classroom activity, and positive incubation effects in fostering

students’ creativity have been reported” (p. 94).

7.4 Future Research

Using LiveScribe pens and the corresponding paper provides a naturalistic
setting for provers while gathering real-time data. Since one can see what a
mathematician does during the proving process, those same techniques might be used
with students in a transition-to-proof or proof-based course. How can we use this data
collection technique in the classroom? Will it benefit students to have LiveScribe
pens with which to do their homework so that teachers can analyze their proving

processes?

This study attempted to give the mathematicians and the graduate students
ample time for proving the theorems. However, some “breaks” could have been
because of other factors instead of coming to an impasse. How can we gain additional
information on when and how incubation is used in mathematics by mathematicians
or students? How can we collect more of the actions that mathematicians use to
recover from impasses? Mathematicians seem to know in some cases that they need
to take a break for generating ideas. How can we encourage students to take some of

these actions to recover from their proving and problem-solving impasses?
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CHAPTER 8: LITERATURE REVIEW FOR A PROVING STUDY USING
THE CARLSON AND BLOOM FRAMEWORK

Carlson and Bloom (2005) investigated how twelve mathematicians solved a
number of different problems (an example of one such problem is given in Chapter
9). Using this data, the authors created a Multidimensional Problem-Solving
Framework that describes problem-solving phases and attributes. In my study, | used
Carlson and Bloom’s framework to investigate the phases and attributes of the
proving process. In this chapter, I discuss the connection between proving and
problem solving. This connection allowed for the use of the Carlson and Bloom
problem-solving framework to examine the proving process.
8.1 Problem Solving in Tertiary Mathematics

Problem solving has been discussed in detail in the science education
literature (Gabel & Bunce, 1994), the mathematics education literature (Goldin,
1992), and the psychology literature (Mayer, 1992). In this section, | focus on
problem solving in mathematics education. In fact, I narrow the focus to problem
solving at the tertiary level since the problem-solving literature in mathematics
education is extensive (Schoenfeld, 1992).

Hoosain (2003) cited many of the definitions of problem from previous
mathematics education literature including:

e Bruner (1961) considered “troubles (situations which makes one

uncomfortable),” “puzzles (tight form, clear structure, and neat solution),” and
“problems (a puzzle on top of a trouble).”
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e Kantowski (1977) stated that “an individual is faced with a problem when he
[or she] encounters a question he [or she] cannot answer using the knowledge
immediately available to him[/her]” (p. 163).

e Mervis (1978) defined a problem as “a question or condition that is difficult to
deal with and has not been solved” by a problem solver (p. 27).

e Lester (1980) defined a problem as a situation that has no algorithm known to
the solver which yields a method of solution. This definition of a problem
agrees with others (Buchanan, 1987; McLeod, 1988; Blum & Niss, 1991).

e Kilpatrick (1985) defined a problem as “a situation in which a goal is to be
attained and a direct route to the goal is blocked” (p. 2). (Hoosain, 2003,

pp. 1-3)

Schoenfeld (1985) defined a problem as a mathematical task for an individual
if that person does not already know a method of solution for that task. Carlson and
Bloom (2005) used Schoenfeld’s definition in developing their problem-solving
framework, but they did note that they “do not restrict mathematical problems or the
notion of problem solving to work on a specific class of problems that are
encountered in a problem-solving course” (p. 47).

Tasks of various kinds are sometimes posed to students as problems. Selden,
Selden, Hauk, and Mason (2000) classified tasks from very routine to genuinely
difficult. One calculus textbook had about 70% of its exercises as tasks done with the
use of solved examples (Lithner, 2004). In contrast with the majority of tasks in
beginning undergraduate courses, mathematicians “[solve] problems--problems of the
‘perplexing or difficult kind” ” (Schoenfeld, 1992, p. 15). Lockhart (2009) stated that
students, for the most part, do not get to experience the kind of problems that
Schoenfeld described. Investigating problems that are perplexing or feel difficult

might give students a chance to experience what it feels like to be a mathematician. In
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this study (Chapters 5-7), there were proofs of some theorems that caused-participants
to experience impasses--the same theorems that were used beginning graduate
students in the “proofs course” (described in Chapter 6).

Problem solving, quite like the definition of problem, has been defined in
many ways, to the point where Chamberlin (2008) stated: “There is rarely an agreed
upon definition of mathematical problem solving and reaching consensus on a
conceptual definition would provide direction to subsequent research and curricular
decisions” (p. 1). Polya (1957) described many ways to go about problem solving that
have been summarized into four overarching steps: “(i) Understanding the problem,
(i1) developing a plan, (iii) carrying out the plan, and (iv) looking back.” Carlson and
Bloom introduced a problem-solving framework, which consists of four phases
(orienting, planning, executing, and checking) along with four problem-solving
attributes (resources, affect, heuristics, and monitoring). Details of each of these
problem-solving phases and attributes can be found in Chapter 9.

8.2 Proof and the Proving Process

Selden, McKee, and Selden (2010) stated that the proving process “play[s] a
significant role in both learning and teaching many tertiary mathematical topics, such
as abstract algebra or real analysis” (p. 128). Indeed, the proving process seems to be
a significant part of most proofs. Professors in undergraduate mathematics courses

seem to use proofs to assess students’ understanding because “the approach that an
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individual takes to constructing a proof will influence what learning opportunities are
afforded by the proof production” (Weber, 2005, p. 352).

There are different ideas about proof production. Harel and Sowder (1998)
described students’ “proof schemes,” that is, students’ ways of “ascertain[ing] for
themselves or persuad[ing] others of the truth of a mathematical observation” (p.
243). Selden, McKee, and Selden (2010) considered affect and behavioral schemas,
i.e., habits of mind that further proof production. Others have also investigated affect
in the proving process (Furinghetti & Morselli, 2009; Douek, 1999). There are others
(Weber & Alcock, 2004) that describe proof production as being either semantic
(“one that uses instantiations of mathematical concepts to guide the formal inferences
drawn”) or syntactic (“one that involves drawing inferences by manipulating
symbolic formulae in a logically permissible way”) (Alcock, 2009, p. 29). In fact,
lannone (2009) claimed that: “for a student to become proficient in proof production,
the skill to tailor their proof behavior [semantic or syntactic] to the type of
mathematical problem in question becomes indispensable” (p. 224). Both aspiring
and current mathematicians seem to need flexibility in their proving styles in order to
be successful in mathematics. In the mathematics education literature, there seems to
be no proving-process framework that encompasses most of the above ideas about the
proving process. In my study, | aim to start the conversation on how to create such a

proving-process framework.
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8.3 The Proving Process and Problem Solving

Research has provided links between proving and problem solving, usually
citing proving as a subset of problem solving. In Furinghetti and Morselli (2009), the
authors stated that “proof is considered as a special case of problem solving” (p. 71).
In Weber’s (2005) paper, he considered “proof from an alternative perspective,
viewing proof construction as a problem-solving task” (p. 351). In fact, Weber
focused on problem-solving aspects of proof, because it “allows insight into some
important themes that other perspectives on proving do not address, including the
heuristics that mathematicians use to construct proofs” (p. 352). Selden and Selden
(2009) described two aspects of a written proof, the formal-rhetorical part and the
problem-centered part. According to the authors:

The formal-rhetorical part of a proof (what we have also referred as the proof

framework) is the part of a proof that depends only on unpacking and using

the logical structure of the statement of the theorem, associated definitions,

and earlier results . . . . The remaining part of a proof [is] the problem-

centered part . . . that does depend on genuine problem solving, intuition, and
a deeper understanding of the concepts involved. (Selden & Selden, in press,

p. 6)

This problem-centered part can be considered as the part of the proof that uses
problem-solving, in the sense of Schoenfeld (See Section 8.1).

Finally, argumentation has been considered as part of problem-solving, and
has also been linked with proof. Pedemonte (2007) analyzed structural aspects, which
are the “logical connective connection between statements,” of argumentation and

proof in geometry (p. 24). The author stated that proof has a certain model, but the
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process of proving may be different depending on the person. According to Douek
(1999), “proving itself needs an intensive argumentative activity” (p. 135).
Argumentation and the problem-solving processes seem to be intertwined, and both
seem to be a part of proving.
8.4 Summary

Proof, the proving process, and the problem-solving process are linked in
many ways. Carlson and Bloom (2005) created a Multidimensional Problem-Solving
Framework to describe the process of attempting a problem. According to the
mathematics education literature cited above, since there is a large overlap between
proving and problem solving, this framework could potentially be useful in describing
the proving process. In the next chapter, | discuss this framework in detail, and how |

used it in an attempt to describe the proving process.
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CHAPTER 9: RESEARCH QUESTIONS AND METHODOLOGY FOR
CARLSON AND BLOOM STUDY

In this chapter, I consider another research question regarding the proving
process and describe the methodology used to analyze some of the data collected
previously. In Chapter 8, | discussed the relationship between proving and problem
solving in tertiary mathematics. | aim to further the discussion by using Carlson and
Bloom’s Multidimensional Problem-Solving Framework (2005) to code data
collected on the proving processes of two of the participants in my previous study
(discussed in Chapters 6 and 7). The research question that | examined was:

1) Can Carlson and Bloom’s Multidimensional Problem-Solving Framework be
used to accurately describe the proving process?

9.1 Setting

A topologist (Dr. G) and a mathematics Ph.D. student (L) participated in the
original study (Chapters 6 and 7). Both of these participants had been given a
LiveScribe pen and special paper to write their proofs in real time. When they had
finished their proving sessions, | uploaded their pen data and created pencasts, which
are like videos with audio and written work synced together (See Section 6.2.2). |
selected Dr. G’s data because he spoke a significant amount of the time while proving
and also encountered impasses when proving Theorem 20. I chose L’s data because

he was only one of two graduate students who had attempted a proof of Theorem 20
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and because | hoped that his transcript would be amenable to analysis using the
Carlson and Bloom framework.
9.2 The Multidimensional Problem-Solving Framework

The Multidimensional Problem-Solving Framework described by Carlson and
Bloom (2005) has four phases, each with the same four associated problem-solving
attributes. The four phases are orienting, planning, executing, and checking. The four
associated problem solving attributes are resources, heuristics, affect, and monitoring
(See Figure 7 for their framework). Below | describe each phase, as well as the
problem solving attributes associated with each phase.
9.2.1 Orienting

According to Carlson and Bloom (2005), the orienting phase includes “the
predominant behaviors of sense-making, organizing and constructing” (p. 62).
Examples of this phase in their study included defining unknowns, sketching a graph,
or constructing a table. They stated that an individual may execute these orienting
actions with “intense cognitive engagement,” ultimately understanding the nature of
the problem. Use of resources in the orienting phase can include accessing
mathematical concepts, facts, and algorithms. Use of heuristics in the orienting phase
can include drawing pictures, labeling unknowns, and classifying the problem. Affect
experienced during the orienting phase can include motivation to make sense of the

problem, high confidence, and strong mathematical integrity. Finally, use of
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monitoring in the orienting phase can include self-talk and other reflective behaviors
during sense-making, such as asking “What does this mean?”
9.2.2 Planning

Carlson and Bloom (2005) coded a planning phase in a transcript when a
participant “appeared to contemplate various solution approaches by imaging the
playing-out of each approach, while considering the use of various strategies and
tools” (pp. 62-63). In addition, they often observed a cycle of (a) conjecture of a
solution, (b) imagining what would happen using the conjectured solution, and (c)

evaluating the validity of that solution during planning phases (See Figure 6).

| 7 Y i N L

s Imagine , —» [ Evaluate 1 ,i

o

Figure 6: The conjecture-imagine-evaluate cycle
(Carlson & Bloom, 2005, p. 54)
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In Carlson and Bloom’s (2005) analysis, this cycle could be exhibited by their
participants either verbally or in silence, but the entire planning phase occurred before
the executing phase commenced. Resources used during the planning phase included
conceptual knowledge and other facts needed to construct conjectures. Heuristics
used, if visible, included computations and geometric relationships. Affect exhibited
during the planning phase included beliefs about the methods or conjectures being
employed and about the participants’ abilities to solve the current problem.
Monitoring exhibited by Carlson and Bloom’s participants during the planning phase
included self-reflection about the effectiveness of their strategies.

9.2.3 Executing

Carlson and Bloom (2005) noted that the executing phase involved
“mathematicians predominantly engaged in behaviors that involved making
constructions and carrying out computations” (p. 63). Specific examples included
“writing logically connected mathematical statements,” using concepts and facts, and
using procedures or other computations. Resources used were those same concepts,
facts, and procedures that had been used during the planning phase. Heuristics used
included fluency with the approaches employed during the execution of the solution.
Affect exhibited in the executing process involved some emotional responses to the
attempted solution, such as “intimacy with the problem, frustration, joy, defense
mechanisms, and aesthetics in the solution” (p. 67). Monitoring used involved the

participants having some sensitivity to the progress of their solutions.
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9.2.4 Checking

The checking phase was observed when the participants verified their
solutions. These behaviors included “spoken reflections by the participants about the
reasonableness of the solution and written computations. . .contemplating whether to
accept the result and move to the next phase of the solution, or reject the result and
cycle back” (Carlson & Bloom, 2005, p. 63). Resources used during the checking
phase involved “well-connected conceptual knowledge” for the “reasonableness” of
their solutions. Heuristics used included knowledge of “conceptual and algorithmic
shortcuts.” Affect during the checking phase was similar to other affective behaviors,
but frustration might overtake a participant if the solution was incorrect. Monitoring
during this phase involved thinking about the “efficiency, correctness, and aesthetic
quality of the solution” (Carlson & Bloom, 2005, p. 63).

The table below (Figure 7), taken from Carlson and Bloom (2005, p. 67),
shows the multidimensional aspects of their framework.
9.2.5 The cycle of problem solving

Carlson and Bloom (2005) stated that “it is important to note that the
mathematicians rarely solved a problem by working through it in linear fashion.
These experienced problem solvers typically cycled through the plan-execute-check
cycle multiple times when attempting one problem” (p. 63). Carlson and Bloom also
stated that the cycle had an explicit execution, usually in writing, and formal checking

that used computations and calculations that were also in writing. All cues exhibited
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by the participants and observed by the researchers, whether written, verbal, or non-

verbal, were used to distinguish between phases.
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Figure 7: Carlson and Bloom’s Multidimensional Problem-Solving Framework

(2005, p. 67)
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9.3 Coding the Data Using the Carlson and Bloom Framework

Using the framework described above, I coded the two participants’
transcripts of their proving attempts for Theorem 20: A commutative semigroup with
no proper ideals is a group. In the subsequent sections, I give samples of this coding.
(For the entire coded transcripts, see Appendix K.)
9.3.1 Sample from the coding of Dr. G’s proving

A sample of Dr. G’s proving process is located in Table 9 below, with a

picture of the end product in Figure 8.

Table 9: A sample of Dr. G’s proving process

Time Writing Speaking | Coding

7:02 AM | Th 20: A comm semigp None Orienting (Resources)
w/ no proper ideals is a
gp.

7:03AM | Hmm ... I’m taking a None Orienting (Resources)

break, breakfast, etc. Back
to this later. Must think on
this.

BREAK 7:04 AM - 8:07 AM

8:07 AM | Ok, I thought about this None Planning (Resources)
while on a cold walk in
the fog.

Pf:Giveng € S, a Executing (Constructing)
semigp., consider the ideal

g.--.

(Then he stops and puts
“comm.” between “a” and

“semigp.”) . . . Checking (Monitoring)

gS = {gsl|s € S}. Since S
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Table 9 continued:

has no proper ideals,
gS=S,s03g71eS > Executing (Constructing)

99 ' =

(32 second pause, then he

strikes through the whole Checking (Monitoring)

proof)

8:09 AM | First need an identity, not | None Checking (Resources)
given.
(Then he goes back to the Cycling back (Back to
expression “gg~! = and planning, because the re-
writes a question mark approach of why there is no
with a circle around it.) identity)
Turn page.

Thdor A conoms veuwdivp o e proer el
trwgpe Hmm, Flo d=fing <
breab,  hreffmity et Puack £ doh (afe
Pl Honk o« i

61, T Thwmyh about 7RO whlle on = c,al.(
well& o T 'rrpj
PLS G {vern ax ety Com iy L T2y
= R 1 YT L P opan
J A 7 =J, 30 o ?”léj' > 57 =

Figure 8: Dr. G’s crossed-out work on Theorem 20
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At 7:02 AM Dr. G started the proving period of Theorem 20; he had proved
the theorems in rest of the notes in the two hours prior to this first attempt. This was
the first proving period that Dr. G used on Theorem 20. He wrote the theorem on
paper, probably orienting himself to what he needed to prove. There was a one-
minute pause, possibly as he was planning or orienting himself to the theorem. In
fact, he had proved Theorems 13-19 quite quickly prior to Theorem 20, so his
decision to take a break at 7:04 AM might have been because he had not quickly seen
how to attempt a proof. | conjecture that during the break he might have been
planning how to prove Theorem 20, probably using the conjecture-imagine-evaluate
cycle described in Section 9.2.2. At 8:07 AM, he started executing the idea that he
had generated during the “cold walk.” He corrected his work to be precise, something
that I coded as “checking” and “monitoring” for correctness. Then Dr. G went back to
executing his idea, using an element, g, in the semigroup and multiplying it by the
whole semigroup to create an ideal. There was a 32-second pause, and then he
crossed out the entire proof that he had written (See Figure 8). This was coded as
checking, since he probably figured this attempt would not result in a proof. In fact, at
8:09 AM, he wrote why he crossed out this proof attempt: He needed an identity,
which had not been given. I coded this as “checking (resources),” because Dr. G
apparently used what he knew about groups to verify this attempt. He then cycled

back to planning, because there was a one hour 35-minute gap before he wrote
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something else, beginning with a different idea, and eventually re-orienting himself.
(This is not in the Table 9, but will be discussed in Chapter 10).
9.3.2 Sample of the coding of L’s proving

A sample of L’s proving process is located in Table 10 below.

Table 10: A sample of L’s proving process

Time Writing Coding

10:19 AM | First we want to show S has an Planning (Heuristics)
identity 1. (pauses for 45 sec)

10:20 AM | (pauses for 20 sec) If possible. Orienting (Monitoring).
Suppose S has no identity. Planning (Heuristics)

Then for every a € S,ab # a for Executing (Resources)
all

10:21 AM | (pauses for 25 sec, then lines out Checking (Monitoring)
“Then for every a € S,ab # a for

all”)

Leta€e S.LetA = {ab:b € _

S,ab # a}. Executing (Resources)
10:22 AM | (pauses for minute) Checking (Resources)

In the above proof attempt, L wrote that he needed to show an identity exists,
so he was (correctly) planning on first showing that an identity exists. Note that Dr. G
had approached the proof by showing inverses first, and then quickly realized that he
needed to show that an identity exists. A one-minute and five second pause in L’s

work was followed by the phrase “if possible.” The pause must have let L plan and
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conjecture that his approach would not be successful. Hence he had to re-orient
himself, from proving the theorem directly (by showing an identity exists) to proving
it by contradiction. He then planned his proof, hence the code “planning.” Next, he
started to prove the theorem again using his contradiction assumption that S has no
identity, which was coded as “executing,” and then paused for 25 seconds, which was
coded as “checking.” Then he started “executing” again, which also provides
evidence that L must have been planning while checking; however, this is a difficult
action to code that will be discussed in detail in Chapter 10. After his “executing”
phase at 10:21 AM, he paused for a minute; hence this was coded as “checking” what
he had written and also as “planning” what he wanted to start proving next.
9.4 Summary

The two participants’ proving sessions were recorded with LiveScribe pens
for a real-time video of their work. Their proving sessions were transcribed
thoroughly and coded using the Carlson and Bloom (2005) Multidimensional
Problem-Solving Framework. The coding disclosed many of the elements that
Carlson and Bloom mentioned, but there were a few occurrences that could not be
coded well using their framework. In Chapter 10, | discuss both the strengths and the
occurrences of coding uncertainty that | experienced when using their framework. |
also discuss the differences between my study and the Carlson and Bloom (2005)
study. Finally, I suggest future research that might form some links between the two

studies.
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CHAPTER 10: RESULTS AND DISCUSSION FOR THE CARLSON AND
BLOOM STUDY

In this chapter, | indicate the portions of the transcripts that could be coded
using the Carlson and Bloom (2005) Multidimensional Problem-Solving Framework,
and indicate the situations in the proving process that were very difficult to classify
using their framework. I also discuss the differences between my study and that of
Carlson and Bloom (2005). Finally, I suggest some future research and teaching
implications.
10.1 Coding Using the Carlson and Bloom Framework

Carlson and Bloom’s (2005) Multidimensional Problem-Solving Framework
aligned well with most of what the two participants (Dr. G and L) did in the proving
process. Using the phases (Orienting, Planning, Executing, and Checking) and the
problem solving attributes (Resources, Heuristics, Affect, and Monitoring) from
Chapter 9, | coded both transcripts and analyzed the situations that agreed and that
were different from those in Carlson and Bloom’s framework.
10.1.1 Instances of agreement with Carlson and Bloom’s framework

For most portions of the transcripts, the Multidimensional Problem-Solving
Framework agreed well with the proving process. There were multiple situations in
both transcripts that involved both the planning cycle (conjecturing, imagining,

evaluating) and the larger cycle of planning, executing, and verifying.
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10.1.1.1 The planning cycle

In Dr. G’s spoken discussion of Theorem 21, he demonstrated the planning

cycle seen in Table 11:

Table 11: An example of the Conjecturing-Imagining-Evaluating cycle

Time

Writing

Speaking

Coding

9:51 AM

[Cycle
Starts
Here]

So if S is a semigroup with a
minimal ideal K, of course

I don’t believe in the existence
of minimal ideals, because of
my rejection of theorems 3, 9,
and 12, rather I don’t believe
in the existence of unique
minimal ideals. But ok, if S is
a commutative semigroup with
a minimal ideal, then it’s a
group. Let’s see.

If it has a zero element, then
that will be a minimal ideal.

Does that make it a group?
(Silence for 13 seconds)

Well no, what about the non-
negative integers?

Orienting (Resources)

Orienting (Affect,
Resources)

Planning (Conjecturing)

Planning (Imagining)
Planning (Evaluating)

Planning (Conjecturing)

The cycle starts with the phrase, “If it [S] has a zero element, then that will be

a minimal ideal,” which is a conjecture by Dr. G. He then asked the question, “Does

that make it a group?”” This was coded as “imagining”, because Dr. G was imagining

what would happen with his conjecture that the existence of a zero element, 0, forces
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a minimal ideal to exist, namely {0}. Finally, there was a 13-second pause, which |
coded as “evaluating”, because the next words said by Dr. G were, “Well, no .. .”
acknowledging that he had evaluated where he had been expecting to go with his {0}
ideal counterexample. Finally, he ended this cycle by conjecturing something about
the non-negative integers.
10.1.1.2 Example of a full cycle of planning-executing-checking

In L’s proof of Theorem 20, he demonstrated the full Planning-Executing-
Checking cycle seen in Table 12. L did not speak during his proving process, so |

conjectured the phases using only his written work.

Table 12: An example of the planning-executing-checking cycle

10:19 AM | First we want to show S has an Planning (Heuristics)
identity 1.
(pauses for 45 sec) Planning (Cycling)
10:20 AM | (pauses for 20 sec)
If possible. Planning (Monitoring)
Suppose S has no identity. Executing (Heuristics)
Then for every a € S,ab # a for all | Executing (Resources)
10:21 AM | (pauses for 25 sec, Checking (Monitoring)
Then crosses out “Then for every Planning

a € S,ab # a for all”)

Letae S.LetA={ab:b€ES,ab +
a}. Executing (Resources)
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In this excerpt from L’s transcript, he started the proof of Theorem 20 at 10:19
AM with “We want to show S has an identity 1.” Since L was writing the sentence to
tell himself of his intentions regarding the proof, this statement was coded as
“planning”. He then paused for a minute and five seconds, and this seemed as if he
were going through the conjecturing-imagining-evaluating cycle reflecting on how he
might prove the theorem. The next statement after this pause was, “If possible.” Thus,
I coded this as a “planning” phase because L was changing how he wanted to
approach the proof, and this required him to make sense of which proof framework
(See Section 3.3) he would use. After this, he wrote, “Suppose S has no identity.”
Since L was attempting to prove the theorem, instead of writing guiding sentences as
he had done previously (at 10:19 AM), this was coded as “executing”. His next
sentence, “Then for every a € S, ab # a for all,” was coded as “executing” as well. L
then paused for 25 seconds. | conjectured that L was considering what he had written,
so this pause was coded as “checking”. At this point, he crossed out his previous
work, and had another idea (namely, creating an ideal) to work with, so | coded this
as “planning” right before he executed his idea, “Let a € S. Let A = {ab:b € S,ab #

a}.” Hence, the planning-executing-checking cycle can be deemed to have occurred.
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10.1.2 Instances of difference with Carlson and Bloom’s framework
10.1.2.1 Cycling back to orienting

Dr. G, after an incubation period (8:09 AM - 9:44 AM) was at a quandary
about how to proceed with the proof of the theorem, and in fact had to reorient

himself to the proof. This is displayed in Table 13.

Table 13: An example of reorienting

Time Writing Speaking | Coding
8:09 First need an identity, not None Checking (Resources)
AM given.

(Then he goes back to the Checking, Planning

expression “gg~! =” and
writes a question mark with a
circle around it.) Turn page.

BREAK 8:10 AM - 9:44 AM

9:44 Later. I’'m suspicious that this Planning (Affect,
AM is true. Why should the Monitoring)

nonexistence of proper ideals
force existence of an identity?

But I don’t know many o
examples, so I don’t see a Orienting (Resources)
counterexample. (Silence for a
minute, followed by ruffled
papers, then silence)

After approaching the proof using a direct proof technique, Dr. G apparently
thought about his approach during the incubation period. His next statement was “I’m

suspicious this is not true.” After this declaration, he claimed that he didn’t know
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many examples. Generating examples for the statement of a theorem can be a way of
orienting oneself to the problem of deciding on an approach for proving a theorem.
But Dr. G had oriented himself once before (7:02 AM - 8:07 AM) and had already
gone part way into the planning-executing-checking cycle. This is an example of an
instance in proving when a prover must reorient himself in order to reconsider all of
the information given.
10.1.2.2 Not completing a full cycle

L finished the proof of Theorem 20 without going through the final checking

phase of problem solving. This is displayed in Table 14.

Table 14: An example of not doing the final checking

Time Writing Coding

10:48 AM | (pauses for 25 sec, the writes next to Planning (Resources)
b~ € S from 10:45 AM, “For
contradiction”, then turns back the page,
then pause for 25 sec)

10:49 AM | Let B = {b € S: b has no inverse}. Executing (Resources)
- Then B # @ because b’ € B.So B isa
10:51 AM | proper ideal of S which is a contradiction.
So every element of S has an inverse. (B is
proper because 1 ¢ B).

Hence S is a group.

After he had written at 10:51 AM “Hence S is a group,” he immediately
proceeded to the next theorem (Theorem 21, Appendix H). In proving Theorem 20

(incorrectly) L had gone through the planning and executing phases, but had not
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performed the checking phase. There are two conjectures that | have about this. One
conjecture is that he had used a technique that was very close to the technique that he
had used previously when trying to prove that S has an identity, and he had taken
considerable time and writing (10:39 AM — 10:45 AM, Appendix K) to check his
work on that. The other conjecture is that he knew the end of the notes was
approaching and he wanted to finish them quickly. This would be understandable,
especially since he was a research Ph.D. student that had already successfully
completed his comprehensive examinations, so he would probably have preferred
working on his own research over proving unrelated theorems.
10.1.2.3 Coding of pauses

Both participants had instances in their proving sessions that were pauses in
their work. | had asked the participants to prove the theorems at their own leisure with
unlimited time, so | was not present to ask them contemporaneously about pauses in
their proving. An important aspect of a pause would be: if a participant made
corrections during that time, then I would have coded the pause as “checking.” If after
a pause, the participant had an idea or could continue his progress, then | would have
coded the pause as “planning” prior to the executing phase. I also coded participants’
pauses based on what | thought a participant was accomplishing, using my own

inferences about their proving process.
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10.2 Discussion
10.2.1 Limitations

Carlson and Bloom’s framework describes the process of problem solving
well. They have ample examples from their study that support their framework. When
posed a problem like those that Carlson and Bloom posed in their study,
mathematicians can rather easily and quickly get conversant with the constraints
(orienting) and then go about solving the problem (planning-executing-checking). An
example of one of the problems posed in their study was

A square piece of paper ABCD is white on the front side and black on the back

side and has an area of 3 in. Corner 4 is folded over to point A’ which lies on

the diagonal AC such that the total visible area is %2 white and %2 black. How

far is A’ from the fold line? (Carlson & Bloom, 2005, p. 71)

However, in my study, the mathematicians were given a theorem (Theorem
20), and have to go about orienting themselves. Some mathematicians (e.g., Dr. G)
executed their ideas early to see where they might lead, but then had to look at the
theorem again for more information. In fact, if one assumes that a statement (in this
case, a theorem) could be true or false, one must orient oneself either for a proof or
for a counterexample. In mathematical problem solving, unless a problem is posed as
a true or false question, a problem is often implicitly assumed to have a solution.

Carlson and Bloom also audiotaped the mathematicians in their study while
they were solving the problems, and were in the room to take notes and answer

questions. In my study, participants were given a set of notes with unlimited time and

not much direction. | was not observing their non-verbal actions, something that |
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conjecture provided Carlson and Bloom considerable help with their coding. This was
a limitation of my study. On the contrary, | could capture incubation periods and
insight, which were not accounted for in the Carlson and Bloom study. This
influenced my coding. Breaks are a crucial part of the creativity and problem-solving
process for mathematicians (See Section 5.2.3), yet are not provided for in Carlson
and Bloom’s problem-solving framework.
10.2.2 Successes with the coding

The four phases of the Carlson and Bloom framework were relevant to the
proving process. At first glance, the two participants (Dr. G and L) were always in
one of the phases (Orienting, Planning, Executing, and Checking) during their entire
proving sessions for Theorem 20. This suggests that the four phases are very
important for the proving process. This further suggests that a minor expansion of
Carlson and Bloom’s framework could potentially provide the mathematics education
community a proving-process framework, complete with additional problem-solving
attributes that a prover experiences. These additional problem-solving phases may
include incubation, re-orientation, and instances of multiple phases (Checking and
Planning) occurring in a pause in the proving process.
10.2.3 Observed differences between the mathematician and the graduate student

When analyzing all participants in the data collection (nine mathematicians
and five graduate students), I found that coding the proof attempts on Theorem 20

would give the best comparison of how one attempts a proof. Six of the nine
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mathematicians experienced impasses when attempting a proof of Theorem 20, but
only two out of five graduate students even attempted a proof. The proof of Theorem
20 was not trivial, which provided a nice comparison between the attempts of Dr. G
and L. Notice that Dr. G analyzed situations dealing with the theorem, such as “Why
should the nonexistence of proper ideals force existence of an identity?” Dr. G often
questioned the constraints of the hypotheses of the theorem. He went a step further
and even thought that he might be able to construct a counterexample. According to
my coding, L oriented himself at the beginning of the proving period for Theorem 20,
and did not question the truth of the theorem, nor the constraints given. My conjecture
is that the mathematician (Dr. G) has had substantial experience both with posing his
own theorems and adjusting those theorems after attempting unsuccessfully to prove
them. He must have had to reorient himself rather often when engaging in
mathematical research.
10.3 Future Research

It would be an accomplishment if there could be a proving-process
framework, similar to Carlson and Bloom’s problem-solving framework. Such a
framework would be helpful in assessing a student’s proving and their phases or
problem-solving attributes that need improvement. One could isolate the phases
(Orienting, Planning, Executing, and Checking) or problem-solving attributes

(Resources, Heuristics, Affect, and Monitoring) that need work, and focus instruction
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on that phase/attribute. Also, such a framework could allow researchers to analyze
their proof data to justify new phenomena that they observe.

Additionally, a data collection technique that could capture more phases and
attributes would help in developing a proving-process framework. My study gathered
written data in real time with synced audio. There was no collection of gestures,
including where the participants viewed the notes to orient themselves to a theorem or
to gather ideas during a planning phase. In Carlson and Bloom’s study, the
participants were in an interview room for a more-or-less fixed time working
continuously on the problems posed. Because their participants had no time for a
break or other distracting activity, their data collection technique might have
influenced their participants’ creativity. A combination of the two data collection
techniques (LiveScribe pen and videoed interview sessions) would be much more
informative, but would take more time and resources.

10.4 Summary

The Carlson and Bloom (2005) Multidimensional Problem-Solving
Framework was almost successful in capturing the entire proving process. However, a
number of aspects of the proving process were not included in their framework, such
as multiple phases during a pause, more opportunities for cycles, and impasses and
incubation. Future research could focus on attempting to record more of the phases

and problem-solving attributes found in the proving process. If that were done, a
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proving-process framework could be proposed for mathematicians and mathematics

educators to use in their research or teaching.
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CHAPTER 11: CONCLUSION

The three studies presented in this dissertation yield several results for
mathematics educators. In the logic study, I found that in the student-constructed
proofs from both the “proofs course” and the graduate homological algebra course,
formal logic constituted less than 2% of the “chunks.” An implication for teaching
that stems from this research is that because formal logic seems to occur fairly rarely,
one might be able to teach logic effectively in context as the need arises. Also, one
could design a transition-to-proof course that allows students to use most of the
“proof frameworks” discussed in Chapters 3 and 4. Constructing proof frameworks
first could help to reduce the burden on a student’s working memory which might
free resources to devote to the problem-solving aspects of proofs (Selden, McKee, &
Selden, 2010). In addition, some frameworks seem to occur more frequently in some
mathematical topics than in others. It would be interesting to examine in a similar
way the categorization of chunks in a variety of undergraduate and graduate
mathematical textbooks to see whether the percentages of chunks are similar or
different. Finally, what kind of transition-to-proof course should be implemented to
help students in future, proof-based undergraduate mathematics courses? Also, how
should that course be taught?

The second study uncovered many of the actions that mathematicians and
graduate students use to overcome proving impasses. The list of actions was

separated into actions relating to the ongoing argument and actions unrelated to the
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ongoing argument. Some of the actions used by the participants to overcome
impasses in the proving of the theorems in the notes (Appendix H) included some
form of incubation, which has long-been reported by mathematicians only
anecdotally (Chapter 5). Although I have examined mathematicians’ and graduate
students’ actions to overcome impasses, do students in advanced undergraduate
mathematics courses employ any actions to overcome impasses? Do they even know
that mathematicians come to impasses and have ways of overcoming them? Also, can
designers of beginning undergraduate courses create problems that allow students to
experience impasses so they can start acquiring a catalog of actions to overcome
them?

The third and final study examined whether the Carlson and Bloom (2005)
Multidimensional Problem-Solving Framework could help describe the proving
process. When | used their framework to code the proving processes of a
mathematician (Dr. G) and a graduate student (L), | found many instances where the
problem-solving framework described the proving process. However, | also found
some different cycles in the proving process than were described in the Carson and
Bloom problem-solving framework. Also, | observed pauses in the proving process
that were conjectured to be coded as multiple phases. Finally, incubation and insight
were observed to be a part of the proving process that had not been included in the

Carlson and Bloom problem-solving framework. Is there a proving-process
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framework, similar to that of Carlson and Bloom, which could encompass the

nuances of the proving process?
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APPENDIX A: IRB CONSENT FORMS
(For Group 1 participants)
UNDERSTANDING AND CONSTRUCTING PROOFS

CONSENT FORM

PRINCIPAL INVESTIGATOR:

Milos Savic

Ph.D. Candidate, Department of Mathematical Sciences
NEW MEXICO STATE UNIVERSTIY

milos@nmsu.edu

DESCRIPTION: We are studying how beginning graduate students and advanced
undergraduates learn, and can be taught, to construct proofs. In connection with this
project, we need to know how experts (advanced graduate students and faculty)
construct proofs. Thus we are asking you to construct one (or several) proofs while
we record your actions, comments, and opinions, captured using video or through
writing on a tablet computer. For example, it would be very useful to have expert
opinions on how difficult certain proofs are to construct and why. Questions will also

include how the equipment is working. Such information can contribute to research
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publications in mathematics education. Thus we ask you permission to analyze and

anonymously quote from the above mentioned information.

CONFIDENTIALITY: You would not be identified in any way. The raw data
would always be under our control and only available to us and possibly a few bona
fide researchers in mathematics education. After the analysis and publication, the

information would be destroyed.

BENEFITS: The results of this research may improve the teaching of this kind of

course. There will be no direct benefit to you of our research.

RISKS: We do not think such use of this information would bring any significant

risk to you.

CONTACT PEOPLE: If you have any questions about this research, please contact
the Principal Investigator, whose email is listed above. If you have any questions
about your rights as a research subject, please contact the Office of the Vice President

for Research at New Mexico State University at (575) 646-2481.

VOLUNTARY NATURE OF PARTICIPATION: Your consent would be entirely

voluntary and can be withdrawn at any time without any adverse consequences.
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RESULTING INFORMATION: If a paper results from this analysis, we would be

happy to provide you with a copy.

SIGNATURE:

Your signature on this consent form indicates that you fully understand the above
study, what is being asked of you in this study, and that you are signing voluntarily.
If you have any questions about this study, please feel free to ask them now or at any

time throughout the study.

Signature

Print Name

Date

A copy of this consent form is available for you to keep.
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(For Group 2 participants)
UNDERSTANDING AND CONSTRUCTING PROOFS

CONSENT FORM

PRINCIPAL INVESTIGATOR:

Milos Savic

Ph.D. Candidate, Department of Mathematical Sciences
NEW MEXICO STATE UNIVERSTIY

milos@nmsu.edu

DESCRIPTION: We are asking mathematics student volunteers to use a tablet
computer to prove theorems. The purpose is to see how students construct proofs.
Thus we are asking you to construct one (or several) proofs while we record your
actions, comments, and opinions, captured using video or through writing on a tablet
computer. After the tablet session we will analyze what you’ve done on the computer
and ask questions in a follow-up interview. Findings can contribute to research
publications in mathematics education. Thus we ask you to participate and request
your permission to analyze the information gathered, and to use the analysis and

anonymous excerpts from transcripts in research publications.
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CONFIDENTIALITY: You would not be identified in any way. The raw data
would always be under our control and only available to us and possibly a few bona
fide researchers in mathematics education. After analysis and publication, the

information would be destroyed.

BENEFITS: The results of this research may improve the teaching of constructing

proofs. There will be no direct benefit to you of our research.

RISKS: We do not think such use of this information would bring any significant

risk to you.

CONTACT PEOPLE: If you have any questions about this research, please contact
the Principal Investigator, whose email is listed above. If you have any questions
about your rights as a research subject, please contact the Office of the Vice President

for Research at New Mexico State University at (575) 646-2481.

VOLUNTARY NATURE OF PARTICIPATION: Your consent would be entirely

voluntary and can be withdrawn at any time without any adverse consequences.

RESULTING INFORMATION: If a paper results from this analysis, we would be

happy to provide you with a copy.
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SIGNATURE:

Your signature on this consent form indicates that you fully understand the above
study, what is being asked of you in this study, and that you are signing voluntarily.
If you have any questions about this study, please feel free to ask them now or at any

time throughout the study.

Signature

Print Name

Date

A copy of this consent form is available for you to keep.
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APPENDIX B: CHUNKING OF PROOFS FROM THE “PROOFS COURSE”

Theorem 1: Forsets Aand B,ifANB = A,thenAU B = B.

Proof: Let A and B be sets such that A n B = A. Suppose x € AU B.

Case 1: Suppose x € A. Since A = AN B, then x € B.

Case 2: Suppose x &€ A. Since x € AU B, then x € B.

Then, in both cases, x € B. Therefore, AUB € B.

Now suppose x € B.Sox € Aorx € B. Thenx € AU B. Therefore B € A U B.

Hence AUB = B.

Let A and B be sets Assumption (Choice) A-C
suchthat An B = A. Assumption (Hypothesis) A-H
Suppose x € A U B. Assumption (Hypothesis) A-H
Case 1: Delimiter (Cases) D-C
Suppose x € A. Assumption (Hypothesis) A-H
Since A = AN B, Interior reference IR
then x € B. Informal inference I
Case 2: Cases D-C
Suppose x & A. Assumption (Hypothesis) A-H
Sincex € AU B, Interior reference IR
then x € B. Definition of union DEF
Then, in both cases, Delimiter - Case summary D-CS
X €B. Interior reference IR
Therefore, AU B € B. Conclusion Statement/Definition of C/DEF
Now Delimiter D
suppose x € B. Assumption (Hypothesis) A-H
Sox€eAorx€B. Informal inference I
Thenx € AU B. Definition of union DEF
Therefore B € A U B. Conclusion statement/Definition of C/DEF

135




Hence AUB = B. Conclusion statement C

Theorem 2: For sets A,B,and C,ifAc BandA < C,thenAS BNC.
Proof: Let A4, B, and C be sets. Suppose A € B and A < C. Suppose x € A. Then

x € B and x € C. That means by the def of intersection x € B n C. Therefore,

ASBNC.

Let A, B, and C be sets. Assumption (Choice) A-C

Suppose A S Band A c C. Assumption (Hypothesis) A-H

Suppose x € A. Assumption (Hypothesis) A-H

Thenx € B Informal inference I

and x € C. Informal inference ]

That means by the def of Definition of intersection DEF

intersection x e BN C.

Therefore, A€ BnC. Conclusion statement/Definition of | C/DEF
subset
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Theorem 3: For sets A, B, and C, if A € B then C\B < C\A.
Proof: Let A, B, and C be sets such that A € B. Suppose x € C\B. Then x € C and

x &€ B.By A € B we have x € A; hence x € C\A. Therefore, C\B < C\A.

Let A, B, and C be sets Assumption (Choice) A-C
such that A € B. Assumption (Hypothesis) A-H
Suppose x € C\B. Assumption (Hypothesis) A-H
Thenx € C and x ¢ B. Definition of set difference DEF
ByAcB Interior reference IR

we have x ¢ A; Formal logic FL
hence x € C\A. Definition of set difference DEF
Therefore, C\B < C\A. Conclusion statement/Definition of C/DEF

subset
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Theorem 4: A\(B U C) = (A\B) n (A\C).

Proof: Let A, B, and C be sets. Suppose x € A\(BUC).Sox € Aandx &€ BU C.

Then it is not the case that x € B orx € C. Thus x € B and x & C. This implies

x € A\B and x € A\C. By the definition of intersection, x € (A\B) N (A\C).

Therefore A\(B U C) € (A\B) n (A\C).

Now consider x € (A\B) N (A\C). This implies x € A\B and x € A\C. This implies

x€Aandx g€ Bandx € Aand x & C. Thisimpliesx € B U C and x € A. This

implies x € A\(B U C), which implies by the definition of subset, (A\B) n (A\C) S

A\(B U C). Therefore A\(B U C) = (A\B) n (A\C).

Let A, B, and C be sets. Assumption (Choice) A-C
Suppose x € A\(B U C). Assumption (Hypothesis) A-H
SoxeAandx ¢ BUC. Definition of set difference DEF
Then it is not the case that x € B or Definition of union DEF
x €C.

Thusx € Band x & C. Formal logic FL
This implies x € A\B Definition of set difference DEF
and x € A\C. Definition of set difference DEF
By the definition of intersection, Definition of intersection DEF
x € (A\B) n (A\C).

Therefore A\(B U C) < (A\B) n Conclusion C/DEF
(A\C). statement/Definition of subset

Now Delimiter D
consider x € (A\B) N (A\C). Assumption (Hypothesis) A-H
This implies x € A\B and x € A\C. Definition of intersection DEF
This impliesx € Aand x € B Definition of set difference DEF
andx e Aand x ¢ C. Definition of set difference DEF
This impliesx € BU C Formal logic FL
and x € A. Interior reference IR
This implies x € A\(B U (), Definition of set difference DEF
which implies by the definition of Definition of subset C/DEF

subset, (A\B) n (A\C) € A\(B U ().
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Therefore A\(B U C) = (A\B) N Conclusion statement
(A\C).
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Theorem 5: Forsets Aand B,AU B # @ ifandonly if A = @ or B # Q.

Proof: Let A and B be sets such that A U B # @. Then there exists x € A U B. So

x €Aorx € B.Thus, A #= @ or B + Q.

Now, Let A and B be sets such that A # @ or B # @. Consider A # @. Then there

existsa € A. Soa € A or a € B which impliesa € AU B. Thus AU B # Q.

Similarly, if B # @ then AU B # 0.

Therefore, AUB # @ ifand only if A + @ or B + Q.

Let A and B be sets Assumption (Choice) A-C

suchthat AU B # Q. Assumption (Hypothesis) A-H

Then there exists x € A U B. | Definition of non-empty DEF

Sox € Aorx €B. Definition of union DEF

Thus, A # @ or B + . Conclusion statement/Definition of C/DEF
non-empty

Now, Delimiters D

Let A and B be sets Assumption (Choice) A-C

suchthat A = @ or B # Q. Assumption (Hypothesis) A-H

Consider A # Q. Interior reference IR

Then there exists a € A. Definition of non-empty DEF

Soa€Aora€BRB Informal inference I

which impliesa € AU B. Definition of union DEF

Thus AU B + Q. Conclusion statement/Definition of C/DEF
non-empty

Similarly, if B # @ then Similarity in proof SIM

AUB # Q.

Therefore, AU B # @ ifand | Conclusion statement C

onlyifA#@orB # Q.
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Theorem 6: For sets A,B,and C,if AUB = C and An B = @, then B = C\A.

Proof: Let 4, B, and C be setssuchthat AUB =Cand AN B = @.

Part 1: Suppose x € B. Thenx € AU B. Since AU B = C, we have x € C. Since

ANB =@, thenx & A. Thus x € C\A. Hence B < C\A.

Part 2: Suppose x € C\A. Then x € C and x & A. In particular, x € C. Since AUB =

C, we have x € AU B. Butsince x ¢ A we have x € B. Thus C\A < B. Thus

B = C\A.
Let A, B, and C be sets Assumption (Choice) A-C
suchthat AUB = Cand An B = | Assumption (Hypothesis) A-H
.
Part 1: Delimiter (Cases) D-C
Suppose x € B. Assumption (Hypothesis) A-H
Thenx € AU B. Informal inference ]
SinceAUB =C, Interior reference IR
we have x € C. Informal inference ]
Since AN B = @, Interior reference IR
then x ¢ A. Informal inference I
Thus x € C\A. Definition of set difference DEF
Hence B € C\A. Conclusion statement/Definition | C/DEF
of subset
Part 2: Delimiter (Cases) D-C
Suppose x € C\A. Assumption (Hypothesis) A-H
Thenx € C and x & A. Definition of set difference DEF
In particular, x € C. Interior reference IR
SinceAUB =C, Interior reference IR
we have x € AU B. Informal inference ]
Butsince x ¢ A Interior reference IR
we have x € B. Informal inference I
Thus C\A < B. Conclusion statement/Definition | C/DEF
of subset
Thus B = C\A. Conclusion statement C
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Theorem 7: For sets A and B, P(An B) = P(A) n P(B).

Proof: Let A and B be sets. Suppose C is an arbitrarily chosen set. Consider the case
that C € P(AN B). Then C € A n B which implies that C € A and C < B. Since

C < A, thenC € P(A) and since C < B,then C € P(B).So C € P(A) and C € P(B);
hence C € P(A) n P(B). Therefore P(AN B) € P(A) n P(B).

Now, consider C € P(A) N P(B). Then C € P(A) and C € P(B) which implies that

CcAandC < B.SoC € AnBandthus C € P(AnN B). Therefore, P(A) N P(B) <

P(ANB). Thus, P(ANB) = P(A) n P(B).

Let A and B be sets. Assumption (Choice) A-C
Suppose C is an arbitrarily chosen | Assumption (Choice) A-C
set.

Consider the case Delimiter (Cases) D-C
that C € P(AN B). Assumption (Hypothesis) A-H
ThenC < ANnB Definition of power set DEF
which implies that C < A and Definition of intersection DEF
C CB.

Since C C A4, Interior reference IR
then C € P(A) Definition of power set DEF
and since C € B, Interior reference IR
then C € P(B). Definition of power set DEF
SoC € P(A) and C € P(B); Interior reference IR
hence C € P(A) n P(B). Definition of intersection DEF
Therefore P(ANB) € P(A) N Conclusion statement/Definition C/DEF
P(B). of subset

Now Delimiter D
consider C € P(A) n P(B). Assumption (Hypothesis) A-H
Then C € P(A) and C € P(B) Definition of intersection DEF
which implies that C < A and Definition of power set DEF
CCB.

SOoCSANB Definition of intersection DEF
and thus C € P(A N B). Definition of power set DEF
Therefore, P(A) n P(B) € P(A n | Conclusion statement/Definition C/DEF
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B).

of subset

Thus, P(A n B) = P(A) n P(B).

Conclusion statement
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Theorem 8: Let X and Y be setsand f: X — Y be a function. If A € X and B € X then
f(AuB) =f(A) U f(B).

Proof: Let X and Y be sets and f: X — Y be a function, where A € X and B € X.
Suppose y € f(AU B). Then f(x) =y forsomex € AUB.Sox € Aor x € B.
Theny € f(A)ory € f(B). Thusy € f(A)U f(B).So f(AUB) € f(A) U f(B).
Now suppose y € f(A) U f(B). Theny € f(A) ory € f(B). Theny = f(x), where

x€Aory=f(x"),wherex' € B.Soy=f(x) € f(AUB)ory =f(x') e f(AU

B). In either case, y € f(A U B). Therefore, f(A) U f(B) € f(AU B). Thus if

Ac Xand B € X,then f(AUB) = f(A) U f(B).

Let X and Y be sets Assumption (Choice) A-C
and f: X — Y be a function, Assumption (Choice) A-C
where A € X and B € X. Assumption (Hypothesis) A-H
Suppose y € f(AU B). Assumption (Hypothesis) A-H
Then f(x) = y forsome x € AU Definition of function DEF
B.
Sox€eAorx €B. Definition of union DEF
Theny € f(A) ory € f(B). Definition of function DEF
Thusy € f(A) U f(B). Definition of union DEF
Sof(AUB) < f(A) U f(B). Conclusion statement/Definition | C/DEF
of subset
Now Delimiter D
suppose y € f(A) U f(B). Assumption (Hypothesis) A-H
Theny € f(4) ory € f(B). Definition of union DEF
Theny = f(x), where x € A Definition of function DEF
ory = f(x"),where x' €B. Definition of function DEF
Soy=f(kx)€Ef(AUB) Informal inference 1
ory=f(kx") e f(AUB). Informal inference I
In either case, y € f(AU B). Delimiter (Case summary) D-CS
Therefore, f(A) U f(B) € f(AU Conclusion statement/Definition | C/DEF
B). of subset
Thusif A € X and B € X, then Conclusion statement C
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Lf(AUB) =f(D UF(B). | | |
Theorem 9: Let X and Y be setsand f: X — Y be a function. If A € X and B < X then

f(AnB) < f(A) N f(B).

Proof: Let X and Y be sets and f: X — Y be a function. Suppose A € X and B C X.
Suppose y € f(A N B). Then, by the definition of image, there exists x € X such that
x€ANBand f(x) =y. So,asx € ANB,x€ Aorx € B.Thusy = f(x) € f(4)
and y = f(x) € f(B). Therefore f(An B) < f(A) n f(B).

Proposition: In general, f(AN B) 2 f(4) n f(B).

Proof: (Counter-example) Let f: R — R be defined by f(x) = x?. Suppose 4 = {—2}
and B = {2}. ThenAnB ={-2}n{2}=0.Also, f({-2}) nf({2}) = {4} n

{4} = {4}.Soas @ 2 {4}, then f(ANB) 2 f(4A) n f(B).

Let X and Y be sets Assumption (Choice) A-C
and f: X — Y be a function. Assumption (Choice) A-C
Suppose A € X and B € X. Assumption (Hypothesis) A-H
Suppose y € f(AN B). Assumption (Hypothesis) A-H
Then, by the definition of image, Definition of function DEF

there exists x € X such that
x€ANBand f(x) =y.

So,asx €EANB Interior reference IR

x €Aand x € B. Definition of intersection DEF
Thusy = f(x) € f(4) Definition of function DEF
andy = f(x) € f(B). Definition of function DEF
Therefore f(ANB) € f(A) N Conclusion statement/Definition of | C/DEF
f(B). subset
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Theorem 10: Let X,Y,A,B besetsand f: X — Y beafunction.IfAcYand B CY,
then f~1(ANnB) = f~1(4) n f~1(B).

Proof: Let X,Y, A, B be setsand f: X — Y be a function. Suppose A € Y and B Y.
Suppose x € f1(AN B), then f(x) EANB.By f(x) € An B, we have f(x) € A
and f(x) € B.Thenx € f~1(4),x € f~1(B). Thenx € f~1(4) n f~1(B). Thus
fAANB) s AN fH(B).

Conversely, suppose x € f~1(4) N f~1(B). Thenx € f~1(4) and x € f~1(B). Then
f(x) e Aand f(x) € B; hence f(x) e ANB.Thusx € f (AN B). Thus f~1(4) n

f~Y(B) € f~1(An B). We conclude that f~*(A N B) = f~1(4A) n f~1(B).

Let X,Y, A, B be sets Assumption (Choice) A-C
and f: X — Y be a function. Assumption (Choice) A-C
Suppose A S YandB CY. Assumption (Hypothesis) A-H
Suppose x € f1(A n B), Assumption (Hypothesis) A-H
then f(x) € An B. Definition of inverse function DEF
By f(x) eANnB, Interior reference IR
we have f(x) € Aand f(x) € B. Definition of intersection DEF
Then x € f~1(4), Definition of inverse function DEF
x € f~1(B). Definition of inverse function DEF
Thenx € f~1(4) n f~1(B). Definition of intersection DEF
Thus f71(AnB) € f~1(4A)n Conclusion statement/Definition of | C/DEF
f1(B). subset

Conversely, Delimiter D
suppose x € f~1(4) n f~1(B). Assumption (Hypothesis) A-H
Thenx € f~1(A) and x € f~1(B). | Definition of intersection DEF
Then f(x) € A Definition of inverse function DEF
and f(x) € B; Definition of inverse function DEF
hence f(x) € An B. Definition of intersection DEF
Thus x € f~1(A N B). Definition of inverse function DEF
Thus f~1(A) n f~1(B) c Conclusion statement/Definition of | C/DEF
fY(AnB). subset

We conclude that f (AN B) = Conclusion statement C
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[ FTIA N F71(B).
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Theorem 11: Let X,Y,A,B besetsand f: X — Y beafunction.IfAcSYand B CY,
then f~1(AUB) = f1(A) U f~1(B).

Proof: Let X,Y,A, B be setsand f: X — Y be afunction. AlsoletAcYandB CY.

(=) Suppose x € f~1(A U B), then f(x) € AU B. This implies f(x) € A or

f(x) € B;thenx € f~1(A), x € f~1(B). By definition of union, x € f~1(4) U

f~1(B). Therefore f~1(AUB) € f~1(4A) U f~1(B).

(<) Suppose x € f~1(4A) U f~1(B). Then f(x) € A or f(x) € B. By definition of

union, f(x) € AU B. Thereforex € f~1 (AU B). Thus f~1(4A) U f~1(B) ©

f~Y(AuB).Hence f"Y(AUB) = f~1(4) U f~1(B).

X,Y,A, B be sets Assumption (Choice) A-C
and f: X — Y be a function. Assumption (Choice) A-C
AlsoletAcYandB CY. Assumption (Hypothesis) A-H
=) Delimiter D
Suppose x € f1(A U B), Assumption (Hypothesis) A-H
then f(x) € AU B. Definition of inverse function DEF
This implies f(x) € A or f(x) € B; | Definition of union DEF
then x € f~1(4), Definition of inverse function DEF
x € f~1(B). Definition of inverse function DEF
By definition of union, x € Definition of union DEF
fHA Y F(B).

Therefore f~1(A U B) € f~1(4) u | Conclusion statement/Definition | C/DEF
f1(B). of subset

() Delimiter D
Suppose x € f~1(A) U f~1(B). Assumption (Hypothesis) A-H
Then f(x) € A Definition of inverse function DEF
or f(x) € B. Definition of inverse function DEF
By definition of union, f(x) € AU | Definition of union DEF
B.

Therefore x € f~1(A U B). Definition of inverse function DEF
Thus f~1(A) U f~1(B) c Conclusion statement/Definition | C/DEF
f~Y(AuUB). of subset
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Hence f~1(AUB) = f~1(A) U Conclusion statement

f71(B).
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Theorem 12: Let X,Y,Z be setsand f: X — Y and g: Y — Z be functions. Then

ge f:X — Zis afunction.

Proof: Let X,Y,Z besetsand f: X — Y and g: Y — Z be functions. Let x € X. Since
f:X - Y isafunction, then (x,y) € f forsome y € Y. Also, g:Y — Z is a function,
so (y,z) € g forsome z € Z. Therefore, forall x € X, (x,z) € g o f forsome z € Z.
Thus, X is the domain for g o f.

Suppose z,z' € Z such that (x,z) € go fand (x,z') € go f.Sothen (x,z) Egof
implies there exists y € Y such that (x,y) € f and (y,z) € g. Also, (x,z') € go f
implies there exists y' € Y such that (x,y") € f and (3',z") € g. As f is a function,
(x,y) € f,and (x,y") € f,theny = y'. As g is a function, (y,z) € gand (y',z') =

(y,2") € g, then z = Z'. Therefore, f o g is a function.

Let X, Y, Z be sets Assumption (Choice) A-C
and f: X - Yand g:Y — Z be functions. Assumption (Choice) A-C
Letx € X. Assumption (Hypothesis) | A-H
Since f: X — Y is a function, Interior reference IR

then (x,y) € f forsome y € Y. Definition of function DEF
Also, g: Y — Z is a function, Interior reference IR

so (y,z) € g forsome z € Z. Definition of function DEF

Therefore, forall x € X, (x,z) € g o f for Definition of composition | DEF
some z € Z.

Thus, X is the domain for g o f. Conclusion statement C
Suppose z,z' € Z Assumption (Choice) A-C
suchthat (x,z) € go fand (x,z') € go f. | Assumption (Hypothesis) | A-H
So then (x,z) € g o f implies Interior reference IR
there exists y € Y such that (x,y) € f and Definition of function DEF
(v.2) €g.

Also, (x,z") € g o f implies Interior reference IR
there exists y' € Y such that (x,y") € f and | Definition of function DEF
0.,zZ)€eg.
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As f is a function, Interior reference IR

(x,y) € f,and (x,y") € f, Definition of function DEF

theny = y'. Definition of single- DEF
valued

As g is a function, Interior reference IR

(y,z)€Eg Definition of function DEF

and (y',z") = (y,z") Interior reference IR

€9, Interior reference IR

thenz = z'. Definition of single- DEF
valued

Therefore, f o g is a function. Conclusion statement C
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Theorem 13: Let X,Y,Z besetsand f: X — Y and g: Y — Z be functions.

) If fand g are 1-1,thensois g o f.

I) If f and g are onto, thensois g o f.

Proof: Let X,Y, Z be sets and define x,x’' € X,y € Y,andz € Z. Also, let f: X - Y
and g: Y — Z be functions. Then g o f is a function. (By Theorem 12.)

1) Suppose f and g are 1-1 and g(f(x)) = g(f(x")). Since g is a 1-1 function, then
f(x) = f(x"). Since f is a 1-1 function, x = x". Therefore, g o f is a 1-1 function.
I1) Now suppose f and g are onto functions. Let z € Z be fixed and arbitrary. Then,
as g is onto, there exists a y € Y such that g(y) = z. Also, as f is onto, there exists
x € X suchthat f(x) =y.S0 g o f(x) = g(f(x)) = g(y) = z. Thus forany z € Z

there exists an x € X such that g o f(x) = z. Hence g o f is onto.

Let X,Y,Z be sets Assumption (Choice) A-C
and define x,x' € X,y €eY,and z € Assumption (Choice) A-C
Z.
Also, let f: X - Yand g:Y — Z be Assumption (Choice) A-C
functions.
Then g o f is a function. (By Exterior reference ER
Theorem 12.)
Suppose f and g are 1-1 Assumption (Hypothesis) A-H
and g(f (%)) = g(f (x")). Assumption (Hypothesis) A-H
Since g is a 1-1 function, Interior reference IR
then f(x) = f(x"). Definition of 1-1 DEF
Since f is a 1-1 function, Interior reference IR
x=x' Definition of 1-1 DEF
Therefore, g o f isa 1-1 function. Conclusion statement/Definition | C/DEF
of 1-1
Now Delimiter D
suppose f and g are onto functions. Assumption (Hypothesis) A-H
Let z € Z be fixed and arbitrary. Assumption (Universal A-Ul
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Instantiation)

Then, as g is onto, Interior reference IR
there exists a y € Y such that Definition of onto DEF
g(y) =z

Also, as f is onto, Interior reference IR
there exists x € X such that f(x) = y. | Definition of onto DEF
Sogof(x) =g(f(x)) Relabeling REL
= g(y) Interior reference IR
=Z. Interior reference IR
Thus for any z € Z there exists an Conclusion statement C

x € Xsuchthat g o f(x) = z.

Hence g o f is onto. Conclusion statement/Definition | C/DEF

of onto
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Theorem 14: Let X,Y,Z besetsand f: X —» Y and g: Y — Z be functions. If g o f is
ontothensois g.

Proof: Let X,Y,Z besetsand f: X — Y and g: Y — Z be functions. Suppose g o f is
onto. Let z € Z. Then we have x € X sothat g o f(x) = g(f(x)) = z.But f(x) € Y

and g(f(x)) = z. Thus g is onto.

Let X, Y, Z be sets Assumption (Choice) A-C
and f:X - Yand g:Y — Z be Assumption (Choice) A-C
functions.
Suppose g o f is onto. Assumption (Hypothesis) A-H
Letz € Z. Assumption (Hypothesis) A-H
Then we have x € X so that g o Definition of onto DEF
f) =9(fx) =z
Butf(x)evY Definition of function DEF
and g(f(x)) = z. Interior reference IR
Thus g is onto. Conclusion statement/Definition | C/DEF
of onto
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Theorem 15: Let X and Y be setsand f: X — Y be a function. If f is 1-1 and onto,
then =1 is also a 1-1, onto function (from Y to X).

Proof: Part 1: Let y € Y. Because f is onto, there is x € X so that f(x) = y; i.e.,
(x,y) € f.So (y,x) € f~1. Therefore, y € domain of f~1 and so Y € domain f 1.
So the domain of f~1isY.

Part 2: Lety € Y and x; € X and x, € X. Suppose (y,x;) € f~tand (y,x,) € f~L.
Then (x4,y) € f and (x,,y) € f. As f is 1-1, we have x; = x,. Therefore, f~* has
the single-valued property. Thus, f~1:Y — X is a function.

Part 3: Let y and y' € Y. Also let x € X. Suppose f~1(y) = f~1 (') = x. Now
yv,x)Ef L, ,x)ef 1 So(x,y) € f, (x,v) € f.But f is a function, therefore
y =y’ Hence f is 1-1.

Part 4: Prove f is onto. Let x € X. Since f is a function, there is a y such that

f(x) =y.Thus, f~1(y) = x. Therefore f~1 is onto.

Part 1: Delimiter D
Lety €Y. Assumption (Choice) A-C
Because f is onto, Assumption (Hypothesis) | A-H
there is x € X so that f(x) = y; Definition of onto DEF
ie., (x,y) €f. Definition of function DEF
So (y,x) € f~1. Definition of inverse DEF
function
Therefore, y € domain of f~1 Definition of domain DEF
and so Y < domain f~1. Definition of subset DEF
So the domain of f 1 is Y. Conclusion statement C
Part 2: Delimiter D
Lety eYand x; € Xand x, € X. Assumption (Choice) A-C
Suppose (y,x;) € f~tand (y,x,) € f~1. | Assumption (Hypothesis) | A-H
Then (x;,y) € f and (x,,y) € f. Definition of inverse DEF
function
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As fis 1-1, Assumption (Hypothesis) | A-H
we have x; = x,. Definition of 1-1 DEF
Therefore, £~ has the single-valued Conclusion statement C
property.
Thus, f~1:Y - X is a function. Conclusion statement C
Part 3: Delimiter D
Letyandy' € Y. Also let x € X. Assumption (Choice) A-C
Suppose f1(y) =1 (y') = x. Assumption (Hypothesis) | A-H
Now (v, x) € f~1,(y',x) € f~L. Definition of inverse DEF
function
So(x,y) € f,(x,y") Ef. Definition of inverse DEF
function
But f is a function, Interior reference IR
therefore y = y'. Definition of single DEF
valued
Hence fis 1-1. Conclusion statement C
Part 4: Delimiter D
Prove f is onto. Statement of intent Sl
Letx € X. Assumption (Choice) A-C
Since f is a function, Interior reference IR
there is a y such that f(x) = y. Definition of function DEF
Thus, f~1(y) = x. Definition of inverse DEF
function
Therefore f~1 is onto. Conclusion statement C
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Theorem 16: Let c € Rand f,: R = R be a function given by, forall x € R, f.(x) =

c. Then £, is continuous.

Proof: Let c € Rand f,: R — R be a function given by, for all x € R, f.(x) = c. Let

a € Rand choose € > 0. Let § = € and let x € R. Suppose |[x — a| < §. Then

|f(x) — f(a)] = |c — c| = 0 < &. As our choice of a € R was arbitrary, we conclude

that £ is continuous on R.

Let c € Rand f,: R — R be a function given Assumption (Choice) A-C
by,

forall x € R, f.(x) = c. Assumption (Hypothesis) | A-H
Leta € R Assumption (Choice) A-C
and choose € > 0. Assumption (Choice) A-C
Letd =¢ Informal inference I
and let x € R. Assumption (Choice) A-C
Suppose |x — a| < 6. Assumption (Hypothesis) | A-H
Then |f(x) — f(a)] Assumption (Hypothesis) | A-H
= |c — | Interior reference IR
=0 Algebra ALG
<& Interior reference IR
As our choice of a € R was arbitrary, we Conclusion statement C

conclude that £, is continuous on R.
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Theorem 17: The function i: R —» R given by for all x € R, i(x) = x is continuous.
Proof: Let x € Rand i: R - R be a function given by i(x) = x. Leta € R and

choose € > 0. Let § = €. Suppose |[x —a| < 6. Then |i(x) —i(a)| =[x —a| <6 =

e. S0 i is continuous.

Let x € Rand i: R — R be a function Assumption (Choice) A-C
given by i(x) = x. Assumption (Hypothesis) | A-H
Leta € R Assumption (Choice) A-C
and choose € > 0. Assumption (Choice) A-C
Let§ = e. Informal inference I
Suppose |x —a| < 6. Assumption (Hypothesis) | A-H
Then |i(x) — i(a)] Assumption (Hypothesis) | A-H
= |x —a Interior reference IR
<d Interior reference IR
=¢. Interior reference IR
So i is continuous. Conclusion statement C
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Theorem 18: Let a € Rand f: R — R be a function continuous at a. Then there is a
d>0andaM > 0sothat, forall x € R, if |[x —a| < 6 then |f(x)| < M.

Proof: Let f: R — R be a continuous functionata € R. Let e > 0 and x € R.
Because f is continuous, there exists a § > 0 so that |x — a| < & implies |f(x) —
f(a)] < e. Thenthisimplies—e < f(x) — f(a) <e=> —e+f(a) < f(x) <e+
fl@= —-(+lfl@h=-e-lf(@l<—e+fl@<fx)<e+fla)<e+
|f(a)]. Hence |f(x)| < e+ |f(a)|. Let M = £ + |f(a)|. Note that M > 0.

Therefore, if f is continuous at a € R, there existsa § > 0 and a M > 0 such that if

|x —al < & then|f(x)| < M.

Let f/: R —» R be a continuous function at a € R. | Assumption (Choice) | A-C
Lete >0 Assumption (Ul) A-Ul
and x € R. Assumption (Choice) | A-C
Because f is continuous, Interior reference IR
there exists a & > 0 so that |[x — a| < § implies Definition of DEF
lf(x) — f(a)] < e. continuous

Then this implies —e < f(x) — f(a) < ¢ Algebra ALG
=2 —<¢c+fla<fx)<e+f(a) Algebra ALG
= —(e+|f(a)]) = —e—|f(a)l Algebra ALG
<-—¢+f(a) Algebra ALG
< f(x) Interior reference IR
<e+f(a) Interior reference IR

< e+ |f(a)l. Algebra ALG
Hence |f(x)| < € + |f(a)]. Interior reference IR
LetM = ¢+ |f(a)]. Relabeling REL
Note that M > 0. Algebra ALG
Therefore, if f is continuous at a € R, there exists | Conclusion statement | C
ad>0andaM > 0Osuchthatif|[x —a| <6

then |f(x)| < M.
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Theorem 19: If a € Rand f: R - Rand g: R = R are functions continuous at a,
then f + g: R = R is continuous at a.
Proof: Suppose a € Rand f: R — R and g: R — R are functions continuous at a. Let

g > 0. Then there is a 8, > 0 such that for all x € R, whenever |x — a| <

81, If (%) = f(@)] < 2. Also, there is a §, > 0 such that for all x € R, whenever

|x — al < 8,,19(x) — g(a)| <. Choose § = min{3;, 5,}. Let x € R and suppose

|x —al < é.Since |(f + 9)(x) = (f + @] = [[f (x) + g()] = [f(a) +

9@l = |[f () = (@] +[g(x) = g@]l < If () = f(@] + g(x) — g(@)] <+

&

S =& Therefore, f + g: R = R is continuous at a.

Suppose a € Rand f: R - Rand g: R —» R | Assumption (Choice) A-C

are functions continuous at a.

Lete > 0. Assumption (Ul) A-Ul

Then there isa §; > 0 such that for all Definition of continuous | DEF

x € R, whenever |x —al| < 8, |f(x) —

fl@)l <=

Also, there isa §, > 0 such that for all Definition of continuous | DEF

x € R, whenever |x —a| < 8§, |g(x) —

g(@)] <=

Choose § = min{d;, 6,}. Informal inference 1

Letx € R Assumption (Choice) A-C

and suppose |x —a] < 6. Assumption (Hypothesis) | A-H

Since |(f + 9)(x) = (f + g)(a)] Assumption (Hypothesis) | A-H

=|[f(x) + gx)] = [f(a) + g(a)]] Definition of (f + g) DEF

= [[f(x) = f(@)] + [g(x) — g(a)]] Algebra ALG

<|f(x)—f(a)| +|g(x) — g(a)l Algebra (Triangle ALG
inequality)

< % +§ Interior reference IR

= &. Algebra ALG

Therefore, f + g: R —» R is continuous at a. | Conclusion statement C




Theorem 20: If a € Rand f: R = Rand g: R = R are functions continuous at a,
then fg: R — R is continuous at a.
Proof: Let f: R = R and g: R — R be functions continuous at a. Fix € > 0.

Case 1: g(a) # 0. Since f is continuous at a, then there is a §; > 0 such that for all

x ER, |x —al <§; implies |[f(x) — f(a)] < ﬁ. Also, thereisa d, > 0 and a

M > 0 such that for all x € R, |x — a| < &, implies |f(x)| < M (by Theorem 18).

Since g is continuous at a, then there is a §; > 0 such that for all x € R, |x — a| < &3
implies |g(x) — g(a)| < ﬁ. Let § = min{&,, 8, 8} and let x € R. Suppose

|x —al <&.Then [fg(x) — fg(a)] = |f(x)g(x) = f@g(@)] = |f () g(x) -
f@g(a) + f(x)g(a) — f)g@] < If ()g(x) — fla)g(@)] + |f (x)g(a) -
fg@] = 1f)lgx) = g@I +1g@If(x) = f@] < M- —+|g(a)] -

& & & i .
2g@] 2 To=¢& Therefore, when g(a) # 0, fg is continuous at a.

Case 2: Suppose g(a) = 0. Then f(a)g(a) = 0. Since f is continuous at a, there is a
6; > 0anda M > 0 such that for all x € R, if |x — a|] < §;, then |f(x)| < M. Also,

since g is continuous at a, there isa 6, > 0 such that |x — a| < &, implies |g(x) —
gla)| =1gx)| < % Let § = min{d;,8,}. Then |x — a| < § implies |f(x)g(x) —
f@g@)| =1f(x)gx)| <M - % = &. Therefore, if g(a) = 0 and f is continuous at

a, then fg is continuous at a.

Let f: R - Rand g: R = R be functions Assumption (Choice) A-C
continuous at a.
Fix € > 0. Assumption (Ul) A-Ul
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Case 1: Delimiter D
g(a) # 0. Assumption (Hypothesis) | A-H
Since f is continuous at a, Interior reference IR
then there is a §; > 0 such that for all Definition of continuous DEF
x €ER, [x —a| < &; implies |f(x) —
&

fll <@
Also, thereisa §, > 0 anda M > 0 such Exterior reference ER
that for all x € R, |x — a| < &, implies
|f (x)| < M (by Theorem 18).
Since g is continuous at a, Interior reference IR
then there is a §;3 > 0 such that for all Definition of continuous | DEF
x € R, |x —al| < 85 implies |g(x) —
9@ <3
Let 6 = min{8;, 55, 55} Informal inference I
and let x € R. Assumption (Choice) A-C
Suppose |x —a| < 4. Assumption (Hypothesis) | A-H
Then |fg(x) — fg(a)| Assumption (Hypothesis) | A-H

=|f(x)g(x) — f(a)g(a)| Definition of fg DEF
= f(x)g(x) — f(a)g(a) + f(x)g(a) Algebra (adding 0) ALG

— f(x)g(a)l
<|f(x)gx)—fla)gla)]+|f(x)g(a) Algebra (triangle ALG
— f(x)g(a)l inequality)

= [f)lgx) — g(a)l Algebra ALG

_ + Ig(a)lllef(x)—f(a)l | f

nterior reference IR
<M +lglall 219 (@]
_¢ n £ Algebra ALG
2 2

=¢. Algebra ALG
Therefore, when g(a) # 0, fg is Conclusion statement C
continuous at a.
Case 2: Delimiter D
Suppose g(a) = 0. Assumption (Hypothesis) | A-H
Then f(a)g(a) = 0. Algebra ALG
Since f is continuous at a, Interior reference IR
thereisa 8, > 0 and a M > 0 such that for | Exterior reference ER
all x e R, if |[x — a| < §;, then |f(x)] <
M.
Also, since g is continuous at a, Interior reference IR
there isa §, > 0 such that |[x — a| < §, Definition of continuous | DEF
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implies |g(x) — g()| = |g(0)| < -
Let § = min{d;, 5,}. Informal inference ]
Then|x —al| <§ Assumption (Hypothesis) | A-H
implies |f(x)g(x) — f(a)g(a)] Assumption (Hypothesis) | A-H

= |f(x)g(x)| Interior reference/Algebra | IR/ALG
<M % Interior reference IR
= ¢&. Algebra ALG
Therefore, if g(a) = 0 and f is continuous | Conclusion statement C
at a, then f g is continuous at a.
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Theorem 21: If n > 0 is an integer and f: R — R is a polynomial function of degree
nand a € R, then f is continuous at a.

Proof: Letn € Z such thatn > 0 and f: R — R be a polynomial function of degree n
and a € R. Define f;: R — R such that for all x € R, f;,(x) = x* where k € N or
k=0.

For our base case, note that f,(x) = 1. So, by Theorem 186, f, is continuous at a.
Assume fi,_;(x) = x*~1 is continuous at a. Note that by Theorem 17, f;(x) = x is
continuous at a. Thus, by Theorem 20, fi, (x) = fir—1(x) - fi(x) = x*71 . x = x¥ is
continuous at a. So, by induction, f;, is continuous at a.

Note that Theorem 16 implies f.: R — R such that for all x € R, £,/ (x) = ¢ where

c € Ris continuous at a. So, by Theorem 20, g, (x) = f¢, (x)fr(x) = cpxk is
continuous at a.

Next, for our base step, note go(x) + g1 (x) = cox° + ¢;xt = ¢y + ¢, x is continuous
at a by Theorem 19. Assume all polynomials

Pr-1(x) = go(x) + g1(x)+...+ 911 (x) are continuous at a. Then, by Theorem 19,

p(x) = pr_1(x) gk (x) is continuous at a.

Letn € Zsuchthatn > 0and f: R - R be | Assumption (Choice) A-C
a polynomial function of degree n and

a € R

Define f.: R — R such that for all x € Assumption (Hypothesis) | A-H
R, fi,(x) = x* where k e Nor k = 0.

For our base case, Delimiter D
note that f(x) = 1. Algebra ALG
So, by Theorem 16, Exterior reference ER
fo 1S continuous at a. Informal inference I
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Assume fi._;(x) = x*~1 is continuous at a. | Assumption (Hypothesis) | A-H
Note that by Theorem 17, Exterior reference ER
f1(x) = x is continuous at a. Informal inference ]
Thus, by Theorem 20, Exterior reference ER
fu () = fie—1 () - f1(x) Algebra ALG
= xk-1.x Interior reference IR
= x* Algebra ALG
is continuous at a. Informal inference Il
So, by induction, f; is continuous at a. Conclusion statement C
Note that Theorem 16 implies Exterior reference ER
f.:R->R Assumption (Choice) A-C
such that for all x € R, f/(x) = ¢ where Informal inference I

¢ € R is continuous at a.

So, by Theorem 20, Exterior reference ER
(%) = f, () fie(x) = cix* is continuous | Informal inference T

at a.

Next, Delimiter D
for our base step, Delimiter D
note go(x) + g1(x) = cox® + c;xt = ¢y + | Informal inference I
c,x is continuous at a

by Theorem 19. Exterior reference ER
Assume all polynomials py_, (x) = Assumption (Hypothesis) | A-H
90(@ + g1 () +... +gr-1(x) are

continuous at a.

Then, by Theorem 19, Exterior reference ER

p(x) = pr_1(x)gx (x) is continuous at a.

Informal inference
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Theorem 23: The intersection of two ideals is an ideal.

Proof: Let (S,-) be a semigroup. Let A € S,B < S be ideals of S. As A, B are both

ideals, we can say that A is a left ideal, that B is a right ideal, and that, by Theorem

22, AN B is non-empty. Then forx e An B and y € S, we have xy, yx € A and

xy,yx € B, hence xy,yx € An B. Thus AN B is an ideal.

Statement

Let (S,-) be a semigroup. Assumption (Choice) A-C
Let A S S,B < S be ideals of S. Assumption (Hypothesis) A-H
As A, B are both ideals, Interior reference IR
we can say that A is a left ideal, that | Definition of ideal DEF
B is a right ideal,

and that, by Theorem 22, Exterior Reference ER
A N B is non-empty. Informal inference ]
Thenforx e ANB Definition of non-empty DEF
andy € S, Assumption (Choice) A-C
we have xy,yx € A Definition of Ideal DEF
and xy, yx € B, Definition of Ideal DEF
hence xy,yx € AnB. Definition of intersection DEF
Thus A N B is an ideal. Definition of Ideal/Conclusion | DEF/C
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Theorem 24: Every semigroup has at most one minimal ideal.

Proof: Let S be a semigroup. Suppose S has two minimal ideals, called A and B.

Now, by Theorem 22, A n B # @. Also, by Theorem 23, A N B is an ideal. Since

ANB<cAand An B < B, and A and B are minimal ideals, we have A = ANB =

B. Therefore, every semigroup has at most one minimal ideal.

Let S be a semigroup. Assumption (Choice) A-C
Suppose S has two minimal ideals, called A | Assumption (Hypothesis) | A-H
and B.
Now, by Theorem 22, Exterior reference ER
ANB # 0. Informal inference ]
Also, by Theorem 23, Exterior reference ER
A N B isan ideal. Informal inference Il
SinceAnBc€Aand AN B S B, Informal inference I
and A and B are minimal ideals, Interior reference IR
wehave A=ANB =B. Definition of minimal DEF
ideal
Therefore, every semigroup has at most one | Conclusion statement C

minimal ideal.
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Theorem 25: A semigroup can have at most one zero element.
Proof: Let S be a semigroup and suppose that S has two zeroes called c;, c,. Since c;
is a zero element, c;c, = c,c; = ¢, and likewise ¢, is a zero element, so c;c, =

c,Cc1 = C3. Thus ¢; = c¢,. Therefore every semigroup has at most one zero.

Let S be a semigroup Assumption (Choice) A-C
and suppose that S has two zeroes called Assumption (Hypothesis) | A-H
€1, Cy.

Since c; is a zero element, Interior reference IR
C1Cy = €201 = (4 Definition of zero element | DEF
and likewise c, is a zero element, Interior reference IR
S0 C1Cy = C,C1 = Cy. Definition of zero element | DEF
Thus ¢; = c,. Algebra ALG
Therefore every semigroup has at most one | Conclusion statement C
Zero.
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Theorem 26: Distinct minimal left ideals of a semigroup are disjoint.

Proof: Let (S,-) be a semigroup and let A,, A, be minimal left ideals of S, where

Ay # A,.Suppose Ay N A, # Q. Leta € A, NA,. Lets € S. Then sa € A, and

sa € A,.So sa € A; N A,. Therefore A; N A, is a left ideal of S. Since A; N4, € A;

and A; N A, € A, and since A; and A, are minimal left ideals, then A; N A, = A;

and A, N A, = A,. S0 A; = A,. This is a contradiction, so A; N A, = @. Note that

the proof that distinct minimal right ideals of a semigroup are disjoint is done

similarly.
Let (S,) be a semigroup and let A;, A, | Assumption (Choice) A-C
be minimal left ideals of S,
where A; # A,. Assumption (Hypothesis) A-H
Suppose A; N A, + Q. Assumption (Hypothesis) A-H
Leta € A; N A,. Definition of non-empty DEF
Lets €S. Assumption (Choice) A-C
Then sa € A; and sa € A,. Definition of ideal DEF
Sosa€ A NA,. Definition of intersection DEF
Therefore A; N A, is a left ideal of S. Definition of left ideal DEF
Since A, N A, € A, and A; n A, € A, | Informal inference ]
and since A; and A, are minimal left Interior reference IR
ideals,
then A, N A, = A;and A, N A, = A,. | Definition of minimal ideal DEF
S0 A; = A,. Interior reference IR
This is a contradiction, Contradiction statement CONT
SOA; NA, =0. Conclusion statement/Formal | C/FL
Logic
Note that the proof that distinct Similarity in proof SIM

minimal right ideals of a semigroup are
disjoint is done similarly.
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Theorem 27: Let S and T be semigroups and f:S — T be a homomorphism. If e € S
is an idempotent, then f(e) is an idempotent in T.

Proof: Let S and T be semigroups and f: S — T be a homomorphism. Suppose e € S
is an idempotent. So ee = e. Then f(ee) = f(e). And by f being a homomorphism,
f(ee) = f(e)f(e), which then leads from both expressions to f(e) = f(e)f (e).

Thereby showing f(e) is an idempotent.

Let S and T be semigroups and f:S — T be | Assumption (Choice) A-C
a homomorphism.

Suppose e € S is an idempotent. Assumption (Hypothesis) A-H
Soee =e. Definition of idempotent DEF
Then f(ee) = f(e). Informal inference I
And by f being a homomorphism, Interior reference IR
f(ee) = f(e)f(e), Definition of homomorphism | DEF
which then leads from both expressions to Algebra (transitivity ALG
f(e) = f(e)f(e). property)

Thereby showing f (e) is an idempotent. Conclusion statement C
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Theorem 28: Let S and T be semigroups and f: S — T be a homomorphism. If A is a

subsemigroup of S. Then f(A) is a subsemigroup of T.

Proof: We want to show that f(A)f(A) € f(A). Lett € f(A)f(A), then there are

p,q € Asuchthatt = f(p)f(q). Since f is a homomorphism, then f(p)f(q) =

f(pq). Also, since A is a subsemigroup of S and p, g € A, then there is b € A such

that pqg = b. Now we have t = f(p)f(q) = f(pq) = f(b). Since b € A, then

f(b) € f(A). Therefore t € f(A).

We want to show that f(A)f(A) € f(A). | Statement of intent Sl
Lett € f(A)f(A), Assumption (Hypothesis) A-H
then there are p,q € A such that t = Definition of image DEF
f@ (.

Since f is a homomorphism, Assumption (Choice) A-C
then f(p)f(q) = f(pq). Definition of homomorphism | DEF
Also, since A is a subsemigroup of S Assumption (Hypothesis) A-H
andp,q € A, Interior reference IR
then there is b € A such that pg = b. Definition of subsemigroup | DEF
Now we have t = f(p)f(q) Interior reference IR
= f(pq) Interior reference IR

= f(b). Interior reference IR
Since b € A, Interior reference IR
then f(b) € f(A). Definition of image DEF
Therefore t € f(4). Interior reference IR
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Theorem 29: Let S and T be semigroups and f: S — T be an onto homomorphism. If

e isa zero of S, then f(e) is a zero of T. Also, if e is an identity of S, then f(e) is an

identity of T.

Proof: Let S and T be semigroups and let e be a zero of S. Let f: S — T be an onto

homomorphism. Suppose y € T. Theny - f(e), f(e) - y € T. But f is onto, so we

have x € Swithy = f(x). Theny - f(e) = f(x) - f(e) = f(xe) = f(e) and

fle)y-y=f(e) - f(x)=f(ex)=f(e).Asf(e)-y=y-f(e) =f(e) f(e)isa

zero of T.

Now suppose e is an identity element of S. Choose any t € T. Then thereisas € S

suchthatt = f(s) = f(es) = f(e)f(s) =f(e)-tand t = f(s) = f(se) =

f(s)f(e)=t-f(e).Sof(e) -t=t-f(e) =t. Therefore, f(e) is an identity

element of T.

Let S and T be semigroups and let e | Assumption (Choice) A-C
be a zero of S.

Let f:S — T be an onto Assumption (Hypothesis) A-H
homomorphism.

Suppose y € T. Assumption (Hypothesis) A-H
Theny-f(e),f(e) -y €eT. Definition of semigroup DEF
But £ is onto, Interior reference IR
so we have x € S with y = f(x). Definition of onto DEF
Theny - f(e) = f(x): f(e) Interior reference IR
= f(xe) Definition of homomorphism DEF
= f(e) Definition of zero DEF
and f(e)-y=f(e) - f(x) Interior reference IR
= f(ex) Definition of homomorphism DEF
= f(e). Definition of zero DEF
Asf(e)-y=y-f(e) =f(e), Interior reference IR
f(e)isazeroof T. Conclusion statement/Definition | C/DEF

of zero
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Now Delimiter D
suppose e is an identity element of | Assumption (Hypothesis) A-H
S.

Chooseany t € T. Assumption (Choice) A-C
Then there isa s € S such that Definition of onto DEF
t=f(s)

= f(es) Definition of identity DEF
= f(e)f(s) Definition of homomorphism DEF
=f(e)-t Interior reference IR
and t = f(s) Interior reference IR
= f(se) Definition of identity DEF
= f(s)f(e) Definition of homomorphism DEF
=t-f(e). Interior reference IR
Sof(e)- t=t-f(e) =t Interior reference IR
Therefore, f(e) is an identity Conclusion statement/Definition | C/DEF

element of T.

of identity
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Theorem 30: Let S and T be semigroups and f: S — T be an onto homomorphism. If [

is an ideal of S, then f(I) is an ideal of T

Proof: Let S and T be semigroups and f: S — T be an onto homomorphism. Let I be

an ideal of S. Letp € T - f(I). Then there existsat € T and an f (i) € f(I) such that

p=t-f(i) fori € I. Since f is onto there exists an s € S such that f(s) = t.

Therefore p = f(s)f(i). Since f is a homomorphism p = f(s)f (i) = f(si). Since I

is an ideal of S, then si € I. Thus p = f(si) € f(I). Therefore, if p € T - f(I), then

p € f(I). Hence f(I) is an ideal of T.

Let S and T be semigroups Assumption (Choice) A-C
and f:S — T be an onto Assumption (Hypothesis) A-H
homomorphism. Let I be an ideal of S.

LetpeT - f(I). Assumption (Hypothesis) A-H
Then there existsa t € T and an Definition of element DEF
f(@@) € f(I)suchthatp =t - f(i) for

i €l

Since f is onto Interior reference IR
there exists an s € S such that Definition of onto DEF
fls) =t

Therefore p = f(s)f (i). Interior reference IR
Since f is a homomorphism Interior reference IR

p = f(s)f(i) = f(si). Definition of homomorphism DEF
Since [ is an ideal of S, Interior reference IR
then si € . Definition of ideal DEF
Thus p = f(si) Interior reference IR

€ f(D). Definition of function DEF
Therefore, if p € T - f(I), then Conclusion statement C
pEf).

Hence f(I) is an ideal of T Conclusion statement/Definition | C/DEF

of ideal
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Theorem 31: Let G be a group with identity 1. If g, g',g"" € G with gg' = g'g =1
and gg"' =g "g=1,theng' = g".

Proof: Let G be a group with identity 1. Let g, g’, 9" € G with gg’ = g'g = 1 and
99" =g"'g=1.Since g'g and gg'’ are equal to the identity, then g"" = (g'g)g" =

gl(ggll) — g,. SO gll — g’.

Let G be a group with identity 1. Let g, g, g"" € | Assumption (Choice) | A-C
G

withgg' =g'g=1and gg" =g"'g = 1. Assumption A-H

(Hypothesis)

Since g'g and gg'’ are equal to the identity, Interior reference IR
theng” = (g9'g)g" Definition of identity | DEF
=g'(gg9'") Definition of group DEF
=g Definition of identity | DEF
Sog"' =g Conclusion statement | C
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Theorem 32: A group has no proper left ideals [right ideals, ideals].

Proof: Let G be a group. Suppose (by contradiction) that A is a proper left ideal of G.

Then there exists g € G such that g € A. Let a € A. Then as G is a group, there exists

aleGsothatala=1€A.Theng-1=g € A, butg ¢ A, acontradiction.

Therefore, there is no proper left ideal of G. Similarly, there are no proper right ideals

and no proper ideals of G.

Let G be a group. Assumption (Choice) A-C
Suppose (by contradiction) that A is a proper Assumption A-H
left ideal of G. (Hypothesis)
Then there exists g € G such that g € A. Definition of proper DEF
ideal
Leta € A. Assumption (Choice) A-C
Then as G is a group, Interior reference IR
there exists a™! € G sothata la =1 Definition of group DEF
€ A. Definition of ideal DEF
Theng-1=g Definition of group DEF
€ A, Definition of ideal DEF
butg ¢ A, Interior reference IR
a contradiction. Contradiction Statement | CONT
Therefore, there is no proper left ideal of G. Conclusion statement C
Similarly, there are no proper right ideals and no | Similarity of proof SIM

proper ideals of G.
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Theorem 33: Let S be a commutative semigroup with no proper ideals. Then S is a

group.

Proof: Let S be a commutative semigroup with no proper ideals. Let a € S. By the

lemma, aS = S, so there exists e, such that ae, = a. Now let b € S. Since we also

have Sa = S, there exists ¢ such that ca = b. Then be, = (ca)e, = c(ae,) = ca =

b. Since b was arbitrary, e, is the identity of S. Call it e. Also, since aS = S, there

exists a’ such that aa’ = e. But aa’ = a’a by commutativity. Thus, every element of

S has an inverse. Therefore, S is a group.

Let S be a commutative semigroup with no proper | Assumption A-H
ideals. (Hypothesis)
Leta € S. Assumption (Choice) | A-C
By the lemma, Exterior reference ER
aS ==, Informal inference I
so there exists e, such that ae, = a. Definition of element | DEF
Now leth € S. Assumption (Choice) | A-C
Since we also have Sa = S, Informal inference I
there exists ¢ such that ca = b. Definition of element | DEF
Then be, = (ca)e, Interior reference IR
= c(aey) Definition of DEF
associativity
=ca Interior reference IR
= b. Interior reference IR
Since b was arbitrary, Statement of intent Sl
ey IS the identity of S. Conclusion statement | C
Call it e. Relabeling REL
Also, since aS = S, Interior reference IR
there exists a’ such that aa’ = e. Definition of element | DEF
But aa’ = a’a by commutativity. Definition of DEF
commutative
Thus, every element of S has an inverse. Definition of inverse | DEF
Therefore, S is a group. Conclusion statement | C
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Theorem 35: If X = {1,2,3} is a Hausdorff space then every subset of X is open.
Proof: Let X = {1,2,3} be a Hausdorff space. Then for 1,2 € X there exists open sets
U, and V; suchthat 1 € V;,2 € U; and V/; N U; = @; and for 2,3 € X there exists
open sets U, and V, such that 2 € V,,3 € U, and V, n U, = @; and for 1,3 € X there
exists open sets U; and V5 such that 1 € V3,3 € U; and V5 N U; = @. It can be shown
that V; nV; = {1}, U; NV, = {2}, and U, n U5 = {3}, which are open sets in X. Any

union of the open sets {1}, {2}, and {3} is also open in X. Therefore, every subset of X

IS open.

Let X = {1,2,3} be a Hausdorff space. Assumption A-H
(Hypothesis)

Then for 1,2 € X there exists open sets U; and V; | Definition of DEF

suchthat1 € V;,2 € U; and V; N U; = @; Hausdorff

and for 2,3 € X there exists open sets U, and V, Definition of DEF

suchthat2 e V,,3 € U, and V, n U, = @; Hausdorff

and for 1,3 € X there exists open sets U; and V; Definition of DEF

suchthat1 € V3,3 € Usand V3 N U3 = Q. Hausdorff

It can be shownthatV, nV; = {1}, Uy NV, = Informal inference I

{2}, and U, n U; = {3},

which are open sets in X. Definition of topology | DEF

Any union of the open sets {1}, {2}, and {3} is Definition of topology | DEF

also open in X.

Therefore, every subset of X is open. Conclusion statement | C
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Theorem 36: Let X, Y, and Z be topological spacesand f: X - Y and g:Y — Z be
continuous functions. Then the function g o f: X — Z is continuous.

Proof: Let X,Y, and Z be topological spacesand f: X - Yand g:Y — Z be
continuous functions. Then by the lemma, for each openset U in Z, (g o f)~1(U) =
(f~1 o g~1)(U). Since g is continuous, then g~ (U) is open in Y. As f is continuous,

then (f =1 o g71)(U) is open in X. Therefore, g o f: X — Z is continuous.

Let X,Y, and Z be topological Assumption (Hypothesis) A-H
spacesand f: X —» Y and

g:Y — Z be continuous

functions.

Then by the lemma, Exterior reference ER
for each openset U in Z, Assumption (Ul) A-Ul
(ge N W) =(1o Informal inference I

g H).

Since g is continuous, Interior reference IR
then g~ (U) isopeninY. Definition of continuous DEF
As f is continuous, Interior reference IR
then (f =1 o g~ 1)(U) is open in | Definition of continuous DEF
X.

Therefore, go f: X - Z is Conclusion statement/Definition of C/DEF
continuous. continuous

Lemma: Let X,Y,and Z be setsand f: X > Y and g:Y - Z. Then (geo f) 1 = f1o
g

Proof: Let X,Y,and Z be setsand f: X —» Y and g:Y — Z. Suppose (z,x) € (g °
f)~. Then (x,z) € g o f. So there exists y € Y so that (x,y) € f and (y,z) € g. So
(z,y) e g~ tand (y,x) € f~1. Thus, (z,x) € f~1 o g~1. Therefore (g o f)™1 <
freg™.

Suppose (z,x) € f~1 o g~1. Then there exists ay € Y so that (z,y) € g~ and
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(v,x) € f71.S0 (x,y) € fand (y,z) € g. Then (x,z) € go f. Thus, (z,x) €

(g o f)1. Therefore, f~1 o g7t < (g o f)~1. Therefore, (go )1 =f1og™.

Let X,Y,and Z be setsand f: X — Y | Assumption (Choice) A-C

andg:Y - Z.

Suppose (z,x) € (g o )7L Assumption (Hypothesis) A-H

Then (x,z) Egof. Definition of inverse function DEF

So there exists y € Y so that Definition of composition DEF

(x,y)€Efand(y,z) Eg.

So(z,y) € g tand (y,x) € f 1. Definition of inverse DEF

Thus, (z,x) € fto g1, Definition of composition DEF

Therefore (go f)"1 € f~log L. Conclusion statement/Definition | C/DEF
of subset

Suppose (z,x) € f1o gL Assumption (Hypothesis) A-H

Then there exists a y € Y so that Definition of composition DEF

(zy) €g~and (y,x) € f~".

So(x,y) € fand (y,z) € g. Definition of function DEF

Then (x,z) Egof. Definition of composition DEF

Thus, (z,x) € (go )1 Definition of inverse DEF

Therefore, f~1o g7t € (g o f)~1. | Conclusion statement/Definition | C/DEF
of subset

Therefore, (g o f)™1 = f~1o g1, | Conclusion statement C
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Theorem 37: Let X and Y be topological spaces and f: X — Y be a continuous

function. If f is 1-1 and Y is Hausdorff, then X is Hausdorff.

Proof: Let X and Y be topological spaces and f: X — Y be a continuous, 1-1 function,

and let Y be Hausdorff. Let v,w € X, where v # w. Then f(v), f(w) € Y. Further,

since f is 1-1, f(v) # f(w). Since Y is Hausdorff, there exist open sets V, W where

f(w) eVand f(w) € Wsuchthat V. n W = @. Now since f is continuous, then

f~Y(V) is open and f~1(W) is open in X. Suppose f~1(V) n f~1(W) # @. Then

there existana € f~1(V) N f~Y(W).Soa € f~1(V)and a € f~1(W). Then

f(a) €eVand f(a) € W,so f(a) € VnW. This is a contradiction, so f~1(V) n

W) =0.Asv e f~1(V)and w € f~1(W), then X is Hausdorff.

Let X and Y be topological spaces Assumption (Choice) A-C
and f: X — Y be a continuous, 1-1 function, Assumption (Hypothesis) | A-H
and let Y be Hausdorff.

Letv,w € X, Assumption (Choice) A-C
where v # w. Assumption (Hypothesis) | A-H
Then f(v), f(w) €Y. Definition of function DEF
Further, since f is 1-1, Interior reference IR
f) # f(w). Definition of 1-1 DEF
Since Y is Hausdorff, Interior reference IR
there exist open sets V, W where f(v) € V Definition of Hausdorff | DEF
and f(w) € Wsuchthat V. n W = @.

Now since f is continuous, Interior reference IR
then f~1(V) is open and f~1(W) isopenin | Definition of continuous | DEF
X.

Suppose £~ (V) n f~1(W) = 0. Assumption (Hypothesis) | A-H
Then there existana € f~1(V) n f1(W). Definition of non-empty | DEF
Soa€ fY(V)anda € f~1(W). Definition of intersection | DEF
Then f(a) € Vand f(a) € W, Definition of function DEF
sof(a) eEVnW. Definition of intersection | DEF
This is a contradiction, Contradiction statement | CONT
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sofY(V)nft(w) = 0.

Informal inference

Asv e fTI(V)andw € f71(W), Definition of inverse DEF
function
Conclusion statement C

then X is Hausdorff.
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Theorem 38: If X is a Hausdorff space and x € X, then {x} is closed.

Proof: Let X be a Hausdorff space. Let x € X. Note {x} = X — (X — {x}). Suppose
y € X and y # x. Because X is Hausdorff, there is an open set P, for which y € P,.
There is also an open set R,, such that x € R, and P, N R,, = @. Suppose P, € X —
{x} then x € B, but x € R,,. Therefore x € P, N R,,, which is a contradiction.
Therefore, P, © X — {x}. Thus for every y # x there is an open set P, where y € P,
and P, € X — {x}. The union of all P, is equal to X — {x}, which is thus an open set.

Therefore {x} is closed, being the complement of an open set.

Let X be a Hausdorff space. Assumption (Hypothesis) A-H
Letx € X. Assumption (Hypothesis) A-H
Note {x} =X — (X — {x}). Formal logic FL
Suppose y € X and y # x. Assumption (Choice) A-H
Because X is HausdorfT, Interior reference IR
there is an open set P, for which y € P,. | Definition of Hausdorff DEF

There is also an open set Ry, such that
X €Ry,and P, N R, = Q.

Suppose P, € X — {x}, Assumption (Hypothesis) A-H
thenx € P, Formal logic FL
but x € R,,. Interior reference IR
Therefore x € P, N R,, Definition of intersection DEF
which is a contradiction. Contradiction statement CONT
Therefore, P, € X — {x}. Formal logic FL
Thus for every y # x there is an open Conclusion statement C

set P, where y € P, and P, € X — {x}.

The union of all P, is equal to X — {x}, | Informal inference I
which is thus an open set. Definition of topology DEF
Therefore {x} is closed, being the Conclusion C/DEF

complement of an open set. statement/Definition of closed
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Theorem 39: If X is a compact, Hausdorff topological space, then X is regular.

Proof: Let X be a compact, Hausdorff topological space. Suppose A € X is closed and
p € X — A. As X is a Hausdorff space, for every a € A there exist open sets Q, € X
and P, € X witha € Q,;p € P;,and Q, N P, = @. Then {Q,|a € A} is an open cover
of A. Now, X — A is the complement of A in X and A is closed, so X — A is open.
Thus {X — A} U {Q,|a € A} is an open cover of X. But X is compact; hence, there
exists C that is a finite subcover of {X — A} U {Qq|a € A}. Then {Q,,|Q4, € C,1 <

i <n,n € N} is a finite open cover of A. For each @, we have a corresponding F,,
withp € B, and Qq, N By, = @. As {F, |1 < i < n}isafinite set, and F,, is open for
each i,niL; P,, isopenand p €N, F,, . Let us assume that there exists an x € X such

that x €U}, Qq, and x EN;_, P, Then we have x € Qq, forsome 1 < j < n. But
X €F,; hence x €Ni_; P,,. This is a contradiction. We see that (n{;l Pai) N

(UL Qq) = @. Thus X is regular.

Let X be a compact, Hausdorff Assumption (Hypothesis) A-H
topological space.

Suppose A € X is closed Assumption (Hypothesis) A-H
andp € X — A. Assumption (Choice) A-C
As X is a Hausdorff space, Interior reference IR
for every a € A there exist open sets | Definition of Hausdorff DEF

Q.S Xand P, S Xwitha € Qg p €
P,,and Q, NP, = 0.

Then {Q,|a € A} is an open cover of | Definition of open cover DEF
A.

Now, X — A is the complement of A | Definition of complement DEF
in X

and A is closed, Interior reference IR
so X — A is open. Definition of closed DEF
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Thus {X — A} U {Q,|a € A} isan Definition of open cover DEF
open cover of X.

But X is compact; Interior reference IR
hence, there exists C that is a finite Definition of compact DEF
subcover of {X — A} U {Q,|a € A}.

Then {Qq,1Qq, € C,1<i<nne€ Assumption (Choice) A-C
N} is a finite open cover of A.

For each Q,, we have a Definition of Hausdorff DEF
corresponding P,, with p € P, ; and

Qai n Pai = 0.

As {F,, |1 < i < nj}is afinite set, Informal inference I
and P, is open for each i Interior reference IR
Ni=; Py, is open Definition of topology DEF
and p €N{_y Py, Interior reference IR
Let us assume that there exists an Assumption (Hypothesis) A-H
x € X such that x EU_, Qg and

x EN{_y Py

Then we have x € @, for some Definition of union DEF
1<j<n

But x ¢ Paj; Informal inference I
hence x ¢ni_; P,.. Informal inference I
This is a contradiction. Contradiction statement CONT
We see that (N}=; P,,) N Informal inference I
(U?=1 Qai) = 0.

Thus X is regular. Conclusion C/DEF

statement/Definition of regular
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Theorem 41: Let X be a topological space and A € X and B € X. If A is closed and B
is open, then A — B is closed.

Proof: Let X be a topological space with A € X and B € X where A is closed and B is
open.

Lemma: X — (X —A)UB) =A—B.

Proof: Letx € X — ((X —A)UB). Thenx € X and x ¢ (X — A) U B. So
xeEX,x¢X—Aandx & B. Thusxe€X,xeAld,andx & B.Sox e Xandx € A —
B.SinceA—Bc X, thenx€ A—B.SoX — ((X—A)UB) € A— B. Now, let
x€A—B.ThenxeAandx ¢ B.Sox¢ X —Aandx ¢ B.Sox ¢ (X —A) UB.
Thusx € X — ((X—A)UB).SoA—B < X — ((X — A) UB). Therefore X —

(X-—AuB)=A-B.

Lletx € X — ((X —A)U B). Assumption (Hypothesis) A-H
Then x € X and x ¢ (X — A) U B. | Definition of set difference DEF
Sox €EX, Interior reference IR
x¢X—Aandx & B. Formal logic FL
Thus x € X, Interior reference IR
x €A, Formal logic FL
and x ¢ B. Interior reference IR
Sox€eX Interior reference IR
and x € A — B. Definition of set difference DEF
Since A — B € X, Informal inference 1
thenx € A — B. Interior reference IR
SoX—((x—A)uB)<cA-B. | Conclusion statement/Definition | C/DEF
of subset
Now, Delimiter D
letx € A—B. Assumption (Hypothesis) A-H
Thenx € Aand x € B. Definition of set difference DEF
SoxgX—A Formal logic FL
and x ¢ B. Interior reference IR

186



Sox ¢ (X—A)UB. Formal logic FL

Thus x € X — ((X — A) UB). Definition of set difference DEF

SoA-B<X—((X—A)uB). | Conclusion statement/Definition | C/DEF
of subset

Therefore X — (X —A) UB) = Conclusion statement C

A—B.

Since A is closed, then X — A is open. Also, B is open, so (X — A) U B is open.
Therefore, X — ((X — A) U B) is closed. Since X — ((X — A) UB) = A — B, then

A — B is closed.

Let X be a topological space with A € X and | Assumption (Choice) A-C
BCcX

where A is closed and B is open. Assumption (Hypothesis) | A-H
Since A is closed, Interior reference IR
then X — A is open. Definition of closed DEF
Also, B is open, Interior reference IR
so (X — A) U B is open. Definition of topology DEF
Therefore, X — ((X — A) U B) is closed. Definition of closed DEF
SinceX — ((X—A)UB)=4A-B, Exterior reference ER
then A — B is closed. Conclusion statement C
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Theorem 42: Let X be a topological space and A € X and B < X. If A is open and B

is closed, then A — B is open.

Lemma: Let X beasetand A,C € X. ThenA— (X —-C)=AnNnC.

Proof: Let X beasetand A,C < X. Suppose x € A — (X — C). Thenx € Aand

x¢&€X—C.Sox €C.Thus,x € Aand x € C. Therefore, x e AnC.

Supposey e ANC.Thenye Aandy e C.Soy ¢ X —C.ThusyeAandy ¢ X —

C. Therefore,y € A — (X — C).

Let X beasetand A4,C C X. Assumption (Choice) A-C
Suppose x € A — (X — O). Assumption (Hypothesis) A-H
Thenx € Aandx ¢ X — C. Definition of set difference DEF
Sox eC. Formal logic FL
Thus,x € Aand x € C. Interior reference IR
Therefore,x e AnC. Definition of intersection/Conclusion | C/DEF
statement

Supposey € AnC. Assumption (Hypothesis) A-H
Thenye Aandy € C. Definition of intersection DEF
Soy¢X—_C. Formal logic FL
Thusye Aandy ¢ X — C. Interior reference IR
Therefore, y € A — (X — C). | Conclusion statement/Definition of set | C/DEF

difference

Proof of Theorem: Let X be a topological space and A € X and B € X. Suppose A is

open and B is closed. Then there exists an open set C € X sothat B = X — C. So

A—B=A—(X—-C).Bythelemma, A— (X —C) =ANC.As Aand C are open,

then A n C is open. Therefore, A — B is open.

Let X be a topological space and A € X and | Assumption (Choice) A-C
B CX.

Suppose A is open and B is closed. Assumption (Hypothesis) | A-H
Then there exists an open set C < X so that Definition of closed DEF
B=X-C.
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SOA-—B=A—(X—-0). Interior reference IR
By the lemma, Exterior reference ER
A—-(X-C)=AnC. Informal inference ]
As A and C are open, Interior reference IR
then A n C is open. Definition of topology DEF
Therefore, A — B is open. Conclusion statement C
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APPENDIX C: CHUNKING OF PROOFS FROM THE HOMOLOGICAL

ALGEBRA COURSE
Theorem 1: If R is a domain and I and ] are nonzero ideals in R, prove that I N ] +
{0}.

Proof: Fori e I —{0}and j € ] — {0}, ij € I nJ. Since R is a domain, ij # 0 giving

Inj #{0}.

Fori e I — {0} Assumption (Choice), Definition of A-C/DEF
nonzero ideal

and j € ] — {0} Assumption (Choice), Definition of A-C/DEF
nonzero ideal

ijelnj. Definition of intersection DEF

Since R is a domain, | Assumption (Hypothesis) A-H

ij#0 Definition of domain DEF

giving I nJ # {0}. Conclusion statement CON
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Theorem 2: Let R be a domain and I a nonzero ideal in R that is a free R-module;

prove that I is a principal ideal.

Proof: First suppose that a: R @ R — R is a nonzero homomorphism. Set a((1,0))

sy and a((0,1)) = s,, and let I; = s;R and I, = s,R. For any (r;,1,) € R @
R,a(r,r,) = a(rl(l,O) + rZ(O,l)) = rla((l,O)) + rza((O,l)) =151 + 1,5,, S0
kera = {(r, ;) € R @ R|rys; = —1,5,}. Since a # 0, we cannot have both I; = 0
or I, = 0. Suppose first that /; = 0 so that necessarily I, # 0; then in this case,
kera = {(r1,7;) € R @ Rlr;s; = —135;,} = {(r, 13) ERD R|0 = —135,} =
{(r,0) € R @ R} since R is adomain. Similarly, if I, = 0 and I; # 0, the kernel of
« consists of all the elements of the form (0, 7). Lastly, if both I; #+ 0 and I, # 0,
then by 1, there isa nonzero x € I; N I,; say x = t;s; = t,s, forsome t;,t, € R —
{0}. The element (—t4, t,) is then a nonzero element in the kernel of « since
a((—ty, t;)) = —ty51 + tz5, = x —x = 0. Thus in every case, « has a nontrivial
kernel; hence there is no injection R @ R — R. Now, as I is free, I =@r R for some
indexing set I'; if || = 2, then there is an injection R @ R < I < R which is

impossible. Therefore, I = R showing that I is principal.

First suppose that a: R@ R - Ris a Assumption (Choice) A-C
nonzero homomorphism.

Set a((1,0)) = s, Relabeling REL
and a((0,1)) = s,, Relabeling REL
and let I; = s;R Assumption (Choice) A-C
and I, = s,R. Assumption (Choice) A-C
Forany (r,75) E R@® R, a(ry, 1) = Definition of Scalar DEF
a(r1(1,0) + 1,(0,1)) Multiplication
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=ra((1,0)) + ,a((0,1)) Definition of DEF
Homomorphism

=115, + 125 Interior Reference IR

, SO Definition of kernel, DEF

kera = Algebra

{(r;,7) ER @ R|rys; = —1,5,}.

Sincea # 0 Interior Reference IR

we cannot have both I; = 0or [, = 0. Formal logic FL

Suppose firstthat I; = 0 Assumption (Hypothesis) A-H

so that necessarily I, # 0; Interior reference IR

then in this case, Interior Reference IR

kera = {(r,,1,) ER @ R|r;s; = —1,5,}

={(r, ) ER P R|0 = —1,5,} Algebra ALG

= {(r,0) € R @ R} since R is a domain. | Definition of domain DEF

Similarly, if I, = 0 and I; # 0, the kernel | Similarity in proof SIM

of a consists of all the elements of the

form (0,13).

Lastly, if both I; # 0 and I, # 0, Assumption (Hypothesis) A-H

then by 1, there isa nonzero x € I, N I,; | Exterior reference ER

say x = t;5; = t,s, forsome ty, t, € Relabeling REL

R —{0}.

The element (—t4, t,) is then a nonzero Definition of kernel DEF

element in the kernel of a

since a((—ty, t;)) = —t15; + Ly, Interior reference IR

=Xx—Xx Interior reference IR

=0 Algebra ALG

Thus in every case, a has a nontrivial Conclusion statement CON

kernel

; hence there is no injection R @ R — R. | Definition of injection DEF

Now, Delimiter D

as I is free, Assumption (Hypothesis) A-H

I =@r R for some indexing set T; Definition of free DEF

if || > 2, Assumption (Hypothesis) A-H

then there is an injection R @ R © I < R | Informal inference I

which is impossible. Interior reference IR

Therefore, I = R showing that I is Conclusion statement CON

principal.
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Theorem 3: Prove that Homg (P, R) # 0 if P is a nonzero projective left R-module.

Proof: First, let F be a free R-module, and let S € F be a nonzero submodule. Since F

is free, F =@, R for some indexing set A; thus, there is an injection S —i>EBA R.
Choose s € S — {0} and note that since i is an injection, there is 1 € A such that
i(s)(A) =r € R —{0}. Let f;:D, R — R be the projection given by f;(x) = x(4)
for all x e@, R ; then the composition f; o i € Homgz(S, R) is nonzero since
f1(i(s)) = r # 0. Therefore, for any nonzero submodule S of a free module,

Homg (S, R) # 0. Now, since P is a projective module, there is a module K such that
P @ K is free. Therefore, P is isomorphic to a nonzero submodule of a free module,

and Homg(P,R) # 0.

First, let F be a free R-module, Assumption (Choice) A-C
and let S € F be a nonzero submodule. Assumption (Choice) A-C
Since F is free, Interior reference IR

F =@, R for some indexing set A; Definition of free DEF
thus, there is an injection S —l>EBA R. Exterior reference ER
Choose s € S — {0} Assumption (Choice) A-C
and note that since i is an injection, Interior reference IR
there is A € Asuchthati(s)(1) =r € Definition of injection intoa | DEF
R —{0}. free module

Let /,:@, R — R be the projection given | Assumption (Hypothesis) A-H
by fa(x) = x(1) forall x e, R ;

then the composition f; o i € Conclusion statement CON
Homg(S, R) is nonzero

Since f;(i(s)) =r # 0. Algebra ALG
Therefore, for any nonzero submodule S | Conclusion statement CON
of a free module, Homy (S, R) # 0.

Now, Delimiter D
since P is a projective module, Assumption (Hypothesis) A-H
there is a module K such that P @ K is Exterior reference ER

193



free.

Therefore, P is isomorphic to a nonzero
submodule of a free module,

Informal inference

and Homgz(P,R) # 0.

Conclusion statement

CON
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Theorem 4: Let R be a commutative ring, and let A and B be finitely generated R-
modules.

(i) Prove that A ® B is a finitely generated R-module.

(i) If R is Noetherian, prove that Homg (4, B) is finitely generated.

Proof: (i) Since A and B are finitely generated, there are n,m > 0 and surjections

Rt L 4 and R™ % B which induce a map R™ @z R™ %9 AQrB.Take YK a; ®
b; € A ® B; since f and g are surjective, there are x; € R™ and y; € R™ such that
f(x) =a;and g(y;) = b;. Then f @ g(Tio1x: @ vi) = Tic, f(x) ®

g =¥¥ . a; ® b; which shows that f ® g is surjective.

The isomorphism R™ ®g R™ = (D=1 R) ®r R™ =Bj-1 R ® R™ = R™™ then
gives a surjection R"™ — R™ ®y R™ — A ®y B. Therefore, A @y B is finitely
generated.

(i) Since A is finitely generated, there is an exact sequence R™ — A — 0. Since
Homg(—, B) isright exact, we obtain the exact sequence 0 - Homg(A,B) —
Hompg (R™, B). Using the isomorphism Homgz (R, B) = B, there are isomorphisms
Homgz(R™, B) = Homgz (@}, R, B) =®]-, Homz(R,B) =@}, B.Since Bisa
finitely generated R-module, it is a Noetherian R-module, and since the finite direct
sum of Noetherian R-modules is Noetherian, @}, B is Noetherian. Therefore, there
is an injection 0 - Homgz (A, B) » Homz(R™, B) =@, B. Since Homy (A4, B) is

isomorphic to a submodule of @}, B, it is finitely generated.
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Since A and B are finitely generated, Assumption (Hypothesis) | A-H
there are n,m > 0 and surjections R" Z> A Exterior reference ER
and R™ 5 B
which induce a map R™ @ R™ Definition of map DEF
189 4 ®g B.
since f and g are surjective, Interior reference IR
there are x; € R™ and y; € R™ such that Definition of surjective DEF
f(x) =a;and g(y;) = b;.
Then f @ (T % @ ¥;) = T, f(x) ® | Definition of DEF
g homomorphism
- -
_ Z lai ® b, Interior reference IR
i=
which shows that f & g is surjective. Definition of surjective DEF
The isomorphism R™ @z R™ = Definition of power of a DEF
(B7-1 R) ®r R™ ring
=@®7_; R Qg R™ Exterior reference ER
= R™"™ Exterior reference ER
then gives a surjection R"™ > R® @, R™ — | Interior reference IR
AQrB.
Therefore, A @ B is finitely generated. Conclusion statement CON
Since A is finitely generated, Interior reference IR
there is an exact sequence R™ - A — 0. Definition of finitely DEF
generated

Since Homg(—, B) is right exact, Exterior reference ER
we obtain the exact sequence 0 — Definition of right exact DEF
Homg(A,B) - Homgz(R™, B).
Using the isomorphism Homg (R, B) = B, Exterior reference ER
there are isomorphisms Homg(R™, B) = Definition of power of a DEF
Homgz (D, R,B) ring
=@, Homy(R, B) Exterior reference ER
=@, B. Interior reference IR
Since B is a finitely generated R-module, Interior reference IR
it is a Noetherian R-module, Exterior reference ER
and since the finite direct sum of Noetherian | Exterior reference ER
R-modules is Noetherian,

i, B is Noetherian. Interior reference IR
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Therefore, there is an injection 0 — Interior reference IR
Homg(A,B) > Homz(R™, B) =@}, B.

Since Homg (4, B) is isomorphic to a Definition of injection DEF
submodule of @7, B,

it is finitely generated. Conclusion statement CON
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Theorem 5: Let B be a left module over some ring R, and consider two exact

sequences

1

0-k5p 0P, 3. Bp Ap 8B 0

And

05K 50,3025 3083038 -0

Where P; and Q; are projective for i € {0,...,n}. Prove that
KD®QuD®Pr1®D..2K' ® P, D Qny D

Proof: To proceed by induction on n, note that the case n = 0 is verified by

Schanuel's Lemma. Suppose the statement is true for n = k and consider the case

k + 1. So there are exact sequences

0-KkSp, tp . Bp ip Bp g
And
0-K5 Q1 250,550,830, 88-0

Where P; and Q; are projective for i € {0,...,k + 1}. Set K;.,; = ker(fy) , Kgy1 =
ker(gx), M = P, @ Qx_1 P...,and N = Qi P Py_, D.... Then there are exact

sequences

€ _ Sk
0->Kyy1 o P> >P>Pb>B—-0
And

c
0= Kiyy > Q5 30303 B -0
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and the induction hypothesis gives an isomorphism ¢: K;,1 @© N N Ky, @® M. Since
Kis1 = fre1(Pes1) @nd Ki o1 = gr+1(Qrs1), there are the natural short exact

sequences

f
05 K5 P15 Kiyq = 0

And

Ik+1
0—>KI_>Qk+1_’Kk+1_’O

which yield the short exact sequences

@
0—>K—>Pk+1eaNf"L>Kk+1eaN—>o

And

D1
0> K'S Qs ® M 5K, ®@ M - 0

By setting ¥ = ¢ o gr4+1 @D 1, the sequence

05 K'S Qurs ®M S K ® N -0

is exact since ¢ is an isomorphism. Schanuel's Lemma yields that K @ Q.1 & M =

K' @ Py ©N.

To proceed by induction on n, note that the case | Induction basis IB

n=20

is verified by Schanuel's Lemma. Exterior reference ER

Suppose the statement is true forn = k Induction hypothesis IH

and consider the case k + 1. Statement of intent Sl

So there are exact sequences Assumption A-H

0->KSp, p 5. Bp ip Bp o | (Hypothesis)

And Assumption A-H
(Hypothesis)
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dk gk
05 K'S Q1 25 B

-0
Where P; and Q; are projective for i €
{0,...,k+1}.

30,850,358

Set K., = ker(fy) Relabeling REL
K., = ker(gy), Relabeling REL
M=P, D Qy_,1D..., Relabeling REL
and N =Q, P P,_; D.... Relabeling REL
Then there are exact sequences Exterior reference ER
c fk fz fi fo
0> Kyyy o> P>>P,>Py>B—-0
And Exterior reference ER
0 Kiyy > Qe 530505 B -0
and the induction hypothesis gives an Informal inference I
isomorphism ¢: K, @ N> K., ® M.
Since K41 = free1(Prs1) Interior reference IR
and Kz, 1 = Jre1(Qrar), Interior reference IR
there are the natural short exact sequences Definition of short DEF
0 K5 Py ™5 Kyy =0 exect
And Definition of short DEF
0= K'S Quay "B Kiyy =0 exact
which yield the short exact sequences Informal inference I
0_>K_’Pk+1EBNM>Kk+1@N—>0
And Informal inference I
Ir+19D1
0-K _>Qk+1EBM—>Kk+1®M_)O
By settingy = @ o gxy 1 D 1, Relabeling REL
the sequence Informal inference I
0-K'S Quss ®M B Kipa® N — 0
IS exact
since ¢ is an isomorphism. Interior reference I
Schanuel's Lemma yields that Exterior reference ER
K®Qu, ODM=K @ P, DN. Conclusion statement | CON
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Theorem 6: If C is an additive category with zero object 0, prove that for any object A
in C the unique morphism A — 0 and the unique morphism 0 — A are the identity
elements of the abelian groups Hom¢(4, 0) and Hom¢(0, A).

Proof: Let f:A — 0 and g: 0 — A be the unique morphisms. If h € Hom¢(4,0) ,
then by the uniqueness of f, f = h. Therefore, Hom.(A4, 0) is an abelian group with
a single element, and since f € Hom¢(4, 0) is the unique element, f is the identity

element. Similarly, g is the identity of the one element group Hom¢(0, A).

Let f:A— 0 and g: 0 — A be the unique Assumption (Choice) A-C
morphisms.

If h € Hom:(4,0) Assumption (Hypothesis) | A-H
then by the uniqueness of f, Interior reference IR
f=h Definition of uniqueness | DEF
Therefore, Home (A, 0) is an abelian group | Conclusion statement CON
with a single element,

and since f € Home(4, 0) is the unique Interior reference IR
element,

f is the identity element. Conclusion statement CON
Similarly, g is the identity of the one element | Similarity in proof SIM
group Home(0, A).
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Theorem 7: In any category having a zero object, prove that every kernel is a
monomoprhism, and, dually, every cokernel is an epimorphism.

Proof: Let C be a category having a zero object 0. Let A, B be objects in C and

u: A — B be a morphism with kernel i: K — A. Suppose that C is an object in C, and
f:C—>K,g:C— K are morphisms suchthatio f =iog. Notethatio f,iog €
Home(C,A) and both satisfyuciog=00cg=0anducio f = 0. By definition
of a kernel, there are unique morphisms a: C - Kand 8:C —» K suchthatioa =io
fandiof =iog.Theuniqueness of « and § and the factthatio f =i o g gives
that « = B. But f and g certainly satisfyio f =io fandio g =io g. Therefore,
using the uniqueness of a and g again, f = a = = g. Now, suppose that t: B —» D
is the cokernel of u for some object D in C. Let E be an objectinCand f: D —
E,g:D — E are morphisms such that f eomr = gom. Since fom,geom €
Home(B,E) and satisfy f emou =0and g e wou = 0, there are a: D — E and
B:D — Esuchthat for =aomand g o m = [ o . But the uniqueness of a and 8
and the fact that f om = g o givesthata = . But f and g satisfy fem = fom

andgoem=gom;sof=a=p=g.Thus, misepic.

Let C be a category having a zero object 0. Let | Assumption (Choice) A-C
A, B be objects in C

and u: A - B be a morphism with kernel Assumption (Hypothesis) | A-H
i:K - A.

Suppose that C is an object in C, Assumption (Choice) A-C
and f: C - K, g: C —» K are morphisms such Assumption (Hypothesis) | A-H
thatiof =iog.
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Note thatio f,io g € Home(C, A)

Informal inference

and both satisfy uciog =00 g = 0and Definition of kernel DEF
uoiof =0.

By definition of a kernel, there are unique Definition of kernel DEF
morphisms a: C — K and 8: C = K such that

ioa=iofandioff=iog.

The uniqueness of a and 8 Interior reference IR
and the factthatio f =io g Interior reference IR
gives that a = S. Informal inference I
But f and g certainly satisfy i o f =i o f and Informal inference I
log=iog.

Therefore, using the uniqueness of « and Interior reference IR
again,

f=a=B=g. Interior reference IR
Now, Delimiter D
suppose that 7: B — D is the cokernel of u Assumption (Hypothesis) | A-H
for some object D in C. Let E be an object in ¢ | Assumption (Choice) A-C
and f: D — E, g: D — E are morphisms such Assumption (Hypothesis) | A-H
that for = g om.

Since fom,gom € Home(B,E) Informal inference I
and satisfy f emocu=0andgemou =0, Definition of cokernel DEF
there are a: D — E and : D — E such that Definition of cokernel DEF
foer=aomandgom = om.

But the uniqueness of a and 8 Interior reference IR
andthe factthat femr =gom Interior reference IR
gives that a = S. Informal inference I
But f and g satisfy femr = fomand gem = Informal inference I
germ,

sof=a=f=g Interior reference IR
Thus, = is epic. Conclusion statement CON
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Theorem 8: Prove that isomorphic complexes have the same homology: if C and D
are isomorphic, then H,(C) = H,,(D) forall n € Z.

Proof: Since C and D are isomorphic, there are chain maps f:C - Dand g:D — C
such that f o g = idp and g o f = id. Recall that H,,(—) is a functor from the
category of chain complexes to the original category; hence idy_¢) = (id¢).n =

(g o =g o finandidy,py = (idp)in = (f © G)un = fin © gsn- Therefore, for

everyn € Z,H,(C) = H,(D).

Since C and D are isomorphic, Assumption (Hypothesis) | A-H

there are chainmaps f:C - Dand g:D - C Definition of isomorphism | DEF

suchthat fog =idpand go f = id,.

Recall that H,, (—) is a functor from the category | Exterior reference ER

of chain complexes to the original category;

hence idy ¢y = (id¢).n Definition of homology DEF
map

=(g°f)n Interior reference IR

= 0un ° fin Definition of composition | DEF

and idy, p) = (idp).n Definition of homology | DEF
map

= (e Interior reference IR

= fin © Gun- Definition of composition | DEF

Therefore, for everyn € Z, H,(C) = H,(D). Conclusion statement CON
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Theorem 9: For any ring R, prove that a left R-module B is injective if and only if

Exty(R/) =0

for every left ideal.

Proof: Let I < R be a left ideal of R, and f: 1 — B be a homomorphism. The short

exact sequence

i b4
0—>I—>R—>R/I—>O

Yields the long exact sequence

X » 1)
0 — Homg(R/,,B) 5 Homg(R, B) > Homg(I, B) = Exth(R/;, B) - --

Since Ext}(R/,) = 0,1, is surjective. Thus, there is f: R - B such that i.(f) = f o

i = f. Therefore, by Baer's criterion, B is injective.

Let I 2 R be a left ideal of R, Assumption A-H
(Hypothesis)
and f:1 — B be a homomorphism. Assumption A-C
(Choice)
The short exact sequence Exterior reference ER
0-1-R5R/ -0
Yields the long exact sequence Exterior reference ER
0 - Homg(R/;,B) 5 Homg(R, B) > Homg (I, B)
8
Since Exth(R /1) =0, Exterior reference ER
i, IS surjective. Informal inference I
Thus, there is f:R > B such that i,(f) = f o i Exterior reference | ER
=f. Definition of onto DEF
Therefore, by Baer's criterion, Exterior reference ER

B is injective.

Informal inference
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Theorem 10: Let R be a Noetherian ring. Show that chl,...,xd)(R[xl' o xq]) # 0.

Proof: Take t € N and arbitrary f; (xq,...,%q), - o fa(X1,---,Xq) € R[X1,...,X4]

Note that the

t+1

degree, in X;, of f;(xq,...,x4)x;

(x1,...,x4)t ist. Thus,

isat least t + 1, but the degree, in x;, of

the monomial (xy,...,x4)¢ does not occur as a term in f;(xy, ..., xg)xt 1. Then

(x1,...,x4)t does not

occur as a term in the sum f; (xq, ..., x) x4+ fa(xq, ..., xg) x5t Consequently,

forallt €N, (xq,...,x4)" & (xi*1,...,

x5t1); from a previous homework problem,

Taket € N Assumption (Choice) A-C
and arbitrary f;(xy,..., X)), « ofq(X1,...,xq) € | Assumption A-H
Rxy,...,%x4] (Hypothesis)

Note that the Definition of degree DEF
degree, in X;, of f;(xq,...,xg)xi*1 is at least

t + 1,

but the degree, in x;, of (xy,...,x4)" ist. Definition of degree DEF
Thus, Informal inference |
the monomial (x;,...,x4)" does not occur as a

termin f; (xy,..., xg)xitt,

Then (xy,...,x4)¢ does not Algebra ALG
occur as a term in the sum

fiGey, x4 (e, xg)xb

Consequently, forall t € N, (xy,...,x4)" € Informal inference I
(et xEY);

from a previous homework problem, Exterior reference ER
HE . xpRIxy, ..., xq]) # 0. Conclusion statement | CON

.....
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APPENDIX D: NOTES FROM THE TASK-BASED INTERVIEWS

Definition 1: A semigroup (S,-) is a nonempty set S together with a binary operation -
on S such that the operation is associative. That is, forall a,b,andc € S,a- (b -c) =
(a-b)-c.

Note: We often refer to the “semigroup S” instead of the “semigroup (S,")” and
symbols such as +, —,*,(,@® may be used instead of “-”. Also, "a - b” or “ab” is
often read “a times b”’.

Example 1: Find several examples of semigroups.

Definition 2: A nonempty subset A of a semigroup S is called a left ideal [right ideal,
ideal] of S if SA € A [AS € A,AS U SA € A] where SA = {sa|s € Sand a € A}.
Example 2: Find some examples of left ideals, right ideals, and ideals in several
semigroups.

Theorem 1: The intersection of a left ideal and a right ideal is nonempty.

Theorem 2: The intersection of two ideals is an ideal.

Definition 3: A non-empty subset T of a semigroup S is called a subsemigroup of S if
TT < T.

Note: In a semigroup, every left ideal, right ideal, and ideal is a subsemigroup.
Definition 4: A semigroup S is called commutative or Abelian if, for each a and

b €S, ab = ba.

Example 3: Find some ideals in [0,1] under multiplication.
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Definition 5: An element e of a semigroup S is called an idempotent if ee = e. (“ee”
is often written “e2”.)

Definition 6: An element 1 of a semigroup S is called an identity element of S if, for
each s € S, 1s = s1 = s. (Other symbols, such as “e”, may be used instead of “1” to
represent an identity element.)

Definition 7: An element 0 of a semigroup S is called a zero element of S if, for each
a € S,0a = a0 = 0. (Other symbols may be used instead of “0” to represent a zero
element.)

Example 4: Find a semigroup with an idempotent which is neither the identity nor a
zero.

Definition 8: An ideal [left ideal, right ideal] K of a semigroup S which does not
properly contain any other ideal [left ideal, right ideal] of S is called a minimal [left,
right] ideal of S.

Example 5: Find some semigroups that contain, and some that do not contain, a
minimal ideal.

Question 1: Can a semigroup be its own minimal ideal?

Theorem: Every semigroup has at most one minimal ideal.
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APPENDIX E: TASK-BASED INTERVIEW TRANSCRIPTS

E.1 Jane Interview

(0:00) JANE: And you've been watching everybody do this?

I: Ah, well, I've interviewed two people before you, so. . .

JANE: Ok. WEell, let's see here. Oh my. There's a lot of definitions and theorems on
here.

I: And you can take anything for granted like for a theorem, you don't have to prove
that theorem. All | want you to do is to prove that bottom one. So you could take. . .1
don't know there is two theorems or maybe three, you could take those as fact.
JANE: Ok.

I: Ok.

JANE: OK so let's see. . .a semigroup has at most one minimal ideal. So um. . . | guess
first 1 should remember what a semigroup is.

I: Ok.

JANE: Umm. ..

(1:00) Let's see. So we have our set together with an operation that is associative.

(Writes (S,))
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And | know what associative means. So, let's see. . .and then. . .ok. So then an ideal. .
.um. . .I'msorry.

I: That's ok.

JANE: | just want to read through some of these. . .

I: That's great.

JANE: Ok. So, we want if we have A is a subset of a semigroup S (writes A c S) we
want to show that um. . .

(2:00) If A is an ideal then we want SA contained in A (writes SA c A) and we want

AS contained in A (writes AS c A) right.
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And so that's left and right ideal, and therefore an ideal is the union of these two
things is contained in A. Ok so a minimal ideal is going to be. . . (coughs loudly)

I: I'm sorry about this. . .

JANE: No it's ok | was talking until today. Laughs. I haven't looked at this stuff in a
long time.

(3:00) I hope not everybody was as bad as this as | am. Ok an ideal which does not
properly contain any other ideal is minimal. Ok, so umm. . .so we want. . .so If A'is
an ideal (writes If A is an ideal) then we know that umm. . .

(4:00) Then we know that the set sa such that s is in S and a is in A is contained in A

(writes {sa|s € Sand a € A} c A). And the same thing for as (writes as above sa in

the set).

So if we suppose that A is minimal, then we want to show that it doesn't properly
contain any other minimal ideal. Sorry can | drink some water?

I: Yeah absolutely go ahead.

(5:00) I: Gotta get like an iced tea or something, maybe.

JANE: Sorry, I'm flustered. Umm. . .ok. | feel like I need to think. Ok.
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(6:00) So (laughs) I feel so on the spot.

I: You shouldn’t. You should be. . .

JANE: | know.

I: No pressure at all, none whatsoever. If you're not feeling it, we can cut it. Cut it at
the hip right there.

JANE: No | wanna. . .

I: If you feel like it’s a challenge, hit it.

JANE: Let's see. (Long pause)

(7:00) Oh my. So. Well, we know S would be an ideal itself, right, so therefore it has
at least.

I: Yeah

JANE: Sorry.

I: No that's fine yeah. What are you getting held up about?

JANE: I don't know

(8:00) I If I may ask.

JANE: I don't know, I just. My brain might not be fully functioning. I don't know,
there's a lot. . . I don't know where to start right now.

I: Ok. Ok.

JANE: Ok I need to think. (Long pause) | don't know.

(9:00) Sorry | feel so flustered.

212



I: That's alright. Why don't you put up the theorem to see what that entails. You know
what I'm saying? Maybe if we wrote it up then maybe we could see what we want to
go for or something.

JANE: (Writes Thm. Every semigroup has at most one minimal ideal) OK so every
semigroup has at most one minimal ideal. Ok. Alright, so | could suppose that there is
more than one.

(10:00) (Writes Let (S,-))

| suppose that I should start the way the Seldens would have wanted and set-up what
IS going on.

I: You don't have to.

JANE: No?

I: You don't have to at all. This is not for them it's for me.

JANE: This is for you?

I: Yeah.

JANE: Ok well so suppose A and B are both minimal ideals of S (writes Suppose A

and B are both minimal ideals of S).
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Well then what does that mean.

(11:00) Well a minimal ideal does not properly contain any other ideal so. . .well. .
.0k so if A is a minimal ideal, then SA union AS is contained in A (writes SA U AS <
A SB U BS < B), and we also know that SB union BS is contained in B. (Coughs)
Sorry.

I: That's alright.

JANE: I'm so sorry you have to listen to this.

I: That's alright.

JANE: And we know that since A is minimal

(12:00) Then, so, A is minimal so B is not contained in A (writes A is min'l so B c A)
right since B is an ideal. B is also minimal so that means that A is not contained in B

(writes B is min'l so A c B, then writes slash marks on each containment)

214



This is not contained in.

I: Ok.
JANE: Just kidding. See my brain is not fully on. OK so we know that B is not

properly contained in A and A is not properly contained in B,

(13:00) So. . .what does that say? Well, so if one's not contained in the other, then
they're either the same or they are disjoint. Does that seem right?

I: 1 don't know at all. | mean. . .it's your conjecture.

JANE: Let me think about this. So if A4 is not contained in B, properly contained in B,
then its either. . .

(14:00) That would seem right to me? Right now? (Laughs)

I: Ok. | don't know.
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JANE: Well let me think. There is a lot of stuff on here. That may be what is getting
me so flustered because | feel like I have to use it all. Umm. . .let's see. So, 4 is
minimal, so B is not properly contained in 4, meaning that

(15:00) They are the same size, or that B is bigger. Seems to make sense. (writes So

A = B) So they're either the same or they are disjoint. And | seem to doubt that they

are disjoint. (Writesor A N B = @)

Well, I don't know if that is true, but we know that the intersection of two ideals is an
ideal.

(16:00) (Long pause) I: So what's going on in your head right now?

JANE: Well, I mean | want to get to show that A = B, but | don't know if I've done
enough to what I've said or if what I've said is gibberish. But, | want A = B, because
if they are both minimal, then if there is only one then they should be the same. So,

we know that the intersection of two ideals is an ideal, and. . .
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(17:00) So I want to show that the intersection can't be empty. Well, the intersection
of a left ideal and a right ideal is non-empty, does that count as both? I'm assuming
that an ideal counts as both a left and a right ideal.

(18:00) Ok, so we know that if A is an ideal that A is a left and right ideal, | think. We
know that. . .umm. . .let's see. . . we know that I think A intersect B will be non-
empty, by theorem 1, and that would show that that's non-empty and therefore A = B.
I: Go ahead and write that up. While you do that, I'm just going to erase this. (Erases
the other board)

(19:00) JANE: As A is an ideal, so it’s a left ideal. And B is an ideal and you can say
that it is also a right ideal. So that means that A intersect B is not empty by theorem 1.
(writes as speaking As A is an ideal, so it’s a left ideal. B is an ideal so its also right

ideal. AN B # @ (thm 1)).So therefore A = B (writes S0 A = B).

e

(20:00) OK, I'm done.
I: Do you feel like you proved it?

JANE: Probably not.
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I: 1 mean are you done?

JANE: Well let me think. . .

I: So hold on let me do. . .

JANE: Maybe I should go back through, now that | at least have an idea of
something.

I: Let me cut this off because I think this is scrap stuff. (Draws a line between the

proof and scrapwork)

e

JANE: | was just thinking out loud. Ok so, let me start and rethink what I've said. So

the theorem is Every semigroup has at most one minimal ideal. So if S is our
semigroup, | wanna start by saying that A and B are both minimal ideals. And if they
are both minimal ideals, | want to get to the point that they are equal.

(21:00) So, if they are both minimal ideals, then they are ideals that do not properly
contain any other ideals, so since A is minimal B is not properly contained in A4, and

the same with B. . .sorry.
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I: No that's fine.

JANE: So if they are not contained, if A is not contained in B, B is not contained in
A, then they are either equal or disjoint, sure. . . that seems right.

(22:00) I: OK alright.

JANE: That seems logical to me right now.

I: OK.

JANE: So we know that the intersection of a left ideal and a right ideal is non-empty,
the intersection of two ideals is an ideal. So, well, so, if, so if,

(23:00) Ok so if A is a left ideal, its an ideal, then SA union AS is contained in A,
therefore SA is contained in A and AS is contained in A. Yeah | think that that's about
right.

I: Ok cool. So can | ask some questions while we're at it?

JANE: Yeah sure. Please do.

I: No no no, this is cool. Um so one of the cool things that happened is that you read
this statement, "Every semigroup has at most one minimal ideal", and you
immediately put down, you took a semigroup. Why is that?

JANE: Umm because | mean the theorem says Every semigroup has at most one
minimal ideal so you want to start with one. . .

(24:00) I: That's right.

JANE: And show that that particular semigroup has one minimal ideal.

I: Ok.
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JANE: Is that what you're asking for?

I: Yeah | mean like, you just did it, I mean it was, you didn't even like, think about it.
You just put that semigroup up, and started working with it.

JANE: Right.

I: And | was wondering why? You know?

JANE: | guess cause if I try, if | have to try and prove something then | want to try to
write down what | know, the theorem as the Seldens would say.

I: Ok ok.

JANE: Since we want to prove something about semigroups, you should start with a
semigroup.

I: Yeah. Ok. Cool. Umm. Let me ask this question, did you have any problem with at
most one?

JANE: Umm. . .well. . .uhhh. ..

(25:00) I think that when 1 first read it, then probably, yeah, but I think I was flustered
then too. I think that once you had me write it on the board it really did kinda help me
out.

I: Ok.

JANE: Because if it had at most one, then 1 think just saying that if it had two and
showing that they're equal, then if it has one in that then its equal to the first two.

I: Oh ok. By the same argument you think?

JANE: Yeah.
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I: You pull those. . .

JANE: Yeah.

I: OK well what else was | going to ask. Oh at the end here, you say that So A = B,
and that's your end, right? How do you know that you've satisfied it all.

JANE: Well cause | started with two minimal ideals

(26:00) Which are just arbitrary

I: Ok.

JANE: They are just arbitrary in the semigroup.

I: Uh-huh.

JANE: And if | start with two ideals, and then show that they must be equal, then
therefore if you have any more minimal ideals then they are going to be equal to the
first two.

I: Ok ok.

JANE: If you start out with two and show that they are equal than the rest is done. |
guess.

I: Ok. Let me ask this then. What if there were none? Is that ok?

JANE: Well. . . mean I think that the semigroup is an ideal

I: Uh-huh

JANE: ltself. . .

I: That's right.

JANE: So if it had no ideals properly contained in it then it would be a minimal ideal
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I: Ok.

JANE: So | think that that would happen.

I: 1 see | see.

(27:00) JANE: Does that make sense?

I: Yeah yeah.

JANE: | don't know if its accurate or not. It seems magical to me.

I: That's ok. Ok two more questions. You said while looking at this stuff you got
flustered because there is so many things in there

JANE: Right.

I: Is that, | mean, like this is just a page right here. You know there's like books that
have a bunch of this stuff. . .

JANE: Well | guess it's also just the situation, you know, kind of.

I: You were just thrown in here, didn't know what was going on. . .

JANE: Right. I mean if | had to sit down with this page and stuff, you know, like |
could work through it.

I: Yeah.

JANE: But I think it's more so the situation that also flustered me.

I: Yeah you have a time limit, etc., etc.

JANE: Its not the fact that they're you know, as many theorems on a sheet of paper.
I: I see. So it’s the situation.

(28:00) JANE: Yes.
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I: Alright and my last question. . .

JANE: | get nervous easily so. . .

I: Oh you're fine. You did fine. My last question was, you're taking 581 right now.
JANE: Yeah.

I: Did 581 help you out with any of this?

JANE: Well we haven't talked about ideals.

I: Ok.

JANE: Cause we haven't turned a whole lot in.

I: Ok.

JANE: So maybe not this particular problem. But as far as knowing things about
groups, | mean, I guess we have a little bit but not those per se.

I: Well cool. Thank you so much.
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E.2 Matt Interview

I: Ok, so this is straight, | just typed it up, but this is straight from the notes that we
had in 530 last year.

MATT: Ok.

I: Ok so last fall. And I gave you from where we started semigroups to the theorem
I'd like you to prove. So you have all this to use. And in fact even these two theorems
you can use as fact.

(1:04) And everything is there, so here is the theorem I'd like you to prove. And I'd
like you to do it on the board, ok?

MATT: Sure.

I: But here's the catch: I'd like you to tell me as much as you can about what you are
doing when you are doing this proof. You understand what I'm saying? Like, how
you are approaching it.

MATT: Ok.

I: Yeah in your mind, or even on the scrapboard on the side. You know what I'm
saying?

MATT: Yeah I think 1 do.

I: Ok. So go ahead.

MATT: Every semigroup has at most one minimal ideal. My first idea is to panic
because I don't remember what this was. Umm. . .let's see. So every semigroup has. .

.50 | want to know what a semigroup is.
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(2:00) Let's see. . .is there a definition for a semigroup. Here we go. This one is
interesting. A semigroup is a non-empty set together with a binary operation such that
the operation is associative. OK so I'm going to say, just so | can write it, for some
reason writing it helps me remember. Writes (S,-) And it's going to be associative,

that means for (writing) a, b, ¢ € S (writes a(bc) = (ab)c)

Ok now I feel, for some reason now it seems to stick.

(3:00) That operator, and for all the elements in there, they're going to follow
associativity. Now I'm feeling a little bit better about what a semigroup is. And then
one minimal ideal. So | want to know minimal. . .well | want to know what an ideal
is. One minimal ideal. Ok. SO an ideal. What is an ideal? Ok. Oh ok so here's ideal.
And again I'll probably write this definition down just cause it helps

(4:00) to sort of clarify it.

I: Absolutely.

MATT: It's a subset of a semigroup S (writes A < S) and a left ideal will be, S will be
on the left of it (writes SA < A) and I'm thinking I have an idea of what this is, I'm

thinking its multiplication, so kinda taking that for granted. And then the right ideals
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are where S is on the right of A and that's also contained in A. (Writes in parentheses

AS < A) SO I'm assuming like multiplication, like (writes elements in sets

underneath)

(5:00) Ok so I'm feeling a little bit better about that. Now minimal ideal, so that's an
ideal. . .here's minimal. Alright, so it does not contain any ideal. And for some reason
I feel more comfortable writing it, because | can't. . .1 guess | could try to write it out
mathematically, | don't think that would be too difficult, I think the way

(6:00) I would try to do it now it would seem kind of ambiguous. Since it seems
ambiguous I'm going to try to write out the definition. . .is minimal. . .or rewrite it
different from the paper, make it a little shorter and sort of in my own words. (writes
A is a minimal ideal) always got to make sure that I'm getting it down right because

sometimes | won't do that. (writes if it is doesn't contain any other ideal of S)
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And partly because this is sort of a project

(7:00) and it would be better to write it mathematically I'll attempt to do that. But |
feel better doing that now that I've actually written it out.

I: Ok.

MATT: And it seems like this sort of extra step between reading and putting a
mathematical expression, maybe that helps. Umm. . .let's see. . .I'm trying to think
how I'm going to actually state this. It's going to come out kinda clumsy. (Writes if

K < A, then KS,SK € A) That's a good way of saying that.

(8:00) I'm a little iffy on that, but we'll see. Ok so every semigroup has at most one

minimal ideal. I'm probably going to want to go to the other side.
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I: Yeah that's fine.

MATT: Unless that's going to cause a problem.

I: No not at all. No problem whatsoever.

MATT: Now I'm just thinking how to approach it. My first thought is that it seems
kinda obvious because the minimal ideal,

(9:00) if the set has two minimal ideals it means that, that seems kinda contradictory
itself in some way. Because how can it be that the ideal is minimal if no other ideal is
in it. In some ways, my first thought is that it is obvious and I'm a little cautious about
that because well, there's probably more to it. So I'll attempt to say suppose, maybe
do it by contradiction. Feeling a little more confident about that because the question
seems a little clearer. The problem, the issue of having two minimal ideals, that seems
to be a little more clearer to me. So I'm beginning with contradiction. Say suppose
there are two (writing while saying, but erases two). . .well. . .

(10:00) there could be more than two so I'm trying to be as general as possible, say
there are more than one minimal ideal for a semigroup (S,-) (writes more than one
minimal ideal for a semigroup (S,-))

I: I'm sorry about this on the side, just in case these batteries run out, I've got these
extra ones that are going to recharge.

MATT: Oh no that's fine, that's fine.

I: Ok.
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MATT: It just seems like it contradicts the definition of minimal ideal. | mean
minimal ideal

(11:00) just contains, if it cannot contain any other ideal. Oh now I'm kinda seeing,
now I'm kinda thinking. Originally | was thinking, for some reason I have this picture
of a telescoping situation.

I: Ok.

MATT: And | sort of realize well that's not really it. That's not telescoping. You could
have, and now I'm sort of thinking in pictures and stuff, is that you could have, like,
you could have something not telescoping. Here's your set (Draws a box) Here's the. .
.these are subsets (draws one circle inside another inside another) Then we could sort

of do something like this (Draws a closed figure inside a closed figure inside a closed

figure)

to have two minimal ideals. That could be a possible scenario, that's a scenario to
look at. (Erases drawing) Now my thinking that "Oh it's obvious" is not the case.
(12:00) So let's see then. Let's let. . .see has at most one. . .let's see how this goes. Let
(starting to write, writes a, and erases it) K, ..., K,, be minimal ideals (writes the

same). And this means that

(13:00) (Writes if M < K then SM, MS & K then attaches the i subscript to K, M)
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I think what | want to show, now I'm starting to realize that I'm not sure what |
wanted to show, but now | want to show that that

(14:00) K; is not a minimal ideal, (writing the same). | think what's kind of happening
| feel like that I'm having a hard time expressing this minimal ideal definition clearly,
that's giving me a hard time to see where I'm aiming for.

I: Mmm-hmm.

MATT: That seems to be causing some problems. So | want to show that. . .let's see. .
.a minimal ideal does not contain any other ideal. So | want to show that there is an
ideal that is contained in these. So, (writing), and I'm going to say. . .all kinds of

letters here. . .

(15:00) (writes IN; € K; s.t. SN; € K; and N;S € K;).

Ok let's see. (Mumbling and erasing the M line above). | want to show that K; is not a
minimal ideal and that there exists N; in K; such that SN; is a subset of K; and N;S is

contained in K;.
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(16:00) Still having some vague, some vaguery still, but. . .a sense of vague is still in
my goal. I'm going to try this. Kind of shooting a little in the dark, but I feel like if |
get an N; to show its contained in K;, so I'd probably let N; be a subset of K;. (Writes
let N; € K;) and then | want to say that. . .doesn't seem like | have enough
information to go this route, but let's see. (writes . . . N;S and pauses)

(17:00) I have this N;S. Well, | know. . .umm. . .I want to show that N;S is contained
(writes N;S <, then SN; < then K; on the right of both) or SN; is contained in K;. Let
me go back to what an ideal is. An ideal, basically SA contained in itself. It's the set
applied to itself contained in itself. Well that means

(18:00) (writes SK; € K;) it's contained in K;. N; is a subset of K; (writes N; € K;). .
.that's going to imply that SN; is contained in K; (= SN; € K;,) which is going to
either imply that N; = K; (then writes below, lining up the implication arrows

N; = K;,)

ey
1916 2O B o« b
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or
(19:00) N; # K; (then underneath "or", then underneath N; # K;) which is going to
mean that K; is not a minimal ideal. (= K; is not a minimal ideal) Well wait a minute.
No, because | don't know that N; is an ideal. (erases from N; = K; till not a minimal
ideal) Well let's suppose. . .we're supposing K; is a minimal ideal so we can't suppose
N; is an ideal. (erases N; € K; till = SN; € K;) But. . .

(20:00) Going back to the definition of S and an ideal, and I'm thinking about

elements a little more (writes= s € S, k; € K,...sk; € K;)

(21:00) Let me look at some theorems. . .I'm sort of running out of ideas.
I: That's alright.
MATT: The intersection of two ideals is an ideal. (erases previous writing) Well, let's

say if K; (writes K; and then erases it). Ok, K; intersect K; let's call that N' (writes

K;NK;=N...).
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(22:00) By theorem 2 (writes by theorem 2) . . . but it looks like I'm missing a step,
because the intersection of a left ideal and a right ideal is non-empty. | think I'm ok,
the intersection of two ideals is an ideal. N is an ideal (writes N is an ideal). Thus N
is contained in K;, and

(23:00) since N is an ideal, K; is not a minimal ideal. (writes Thus N is contained in

K;, and since N is an ideal, K; is not a minimal ideal.)

So I'm now sort of thinking. . . so | think | want to say | want to rewrite this.
Therefore for any

(24:00) two ideals in S, there exists an ideal N such that N = (writes

Therefore for any two ideals in S, there exists an ideal N such that N =)

...I'm going to do board surgery, K;, K; (draws an arrow between ideals and in, and

writes K;, K;). Call this ij (writes for the subscript of N;;, then writes = K; N K;)
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And now I'm kinda wondering well you know if | just

(25:00) If we just keep having sets intersect, intersect, intersect, intersect, the ideals
that come from these intersections eventually are going to work it down to
something, it's going to come down to 1. I'm sort of thinking like a Venn diagram or

something. (draws a diagram)

You're going to end up with something like here that's going to survive at the end of
it all. I'm feeling ok, I'll get rid of this (erases the diagram) because | need more
space.

I: Ok are you going to move to this side now?
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MATT: Umm. . . I'm still staring over here. . .

I: Yeah that's alright. You just let me know what you are thinking. Haha. This is like
a proof by talking to me.

(26:00) MATT: Ok. I'm also thinking about the many different combinations you
could get from all these different intersections. It looks like the number of ideals is
just going to keep growing and my original thinking might be. . .let's see. . .well |
think the original thinking is ok. I'm not going to be multiplying, they're intersections.
I'm eventually going to be cancelling down ideals. I'm going to go back to this. .
.Every semigroup has at most one minimal ideal. Umm. . .at most one. Now I'm kinda
confused.

(27:00) Actually I kinda showed what | thought | wanted to show, but I also what |
wanted to show is what | do really want to show.

I: Ok.

MATT: (Erases the bottom) So | did show that these K;'s are not minimal ideals,
umm. . . and I'm kinda thinking well | want to show that there is only one minimal
ideal.

I: Ok.

MATT: I think. I could be overthinking this too. I'm sort of tempted to say what if |
go with just two ideals and

(28:00) then two so-called minimal ideals and intersect them and get another ideal

that's contained in one and contained in the other, but since, but then those ideals
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would not be contained in that minimal ideal. I'm sort of wrestling with this problem
of a ton of ideals, | want to show that eventually you're going to intersect down, but
now I'm going back to the definition of ideal again. At this point this is where | would
go get a drink of water.

I: Haha. Ok. Do you want to? You're more than welcome to.

MATT: I guess I'll be right back.

I: Yeah yeah.

(29:00) MATT: And I'll think about this while I'm gone.

I: Yeah that's fine.

END OF FIRST VIDEO

(0:00) Now I'm sort of thinking I'm looking for some help, so let's see what else |
might be missing. The identity element, sort of thinking about that. Each semigroup,
because it's a semigroup, let's see. . . the element of a semigroup is called. . .and |
don't have a theorem that says that necessarily all semigroups have an identity
element. I don't think they have that. Yeah they don't have. . .I mean the group has an
identity element.

(2:00) (Long pause while looking at notes and board) Let's see. . .

(2:00) I'm a stickler for spelling. (corrects off-camera) I'm sort of waiting for
something to come; to pop. And I can't tell if I'm being distracted, but the picture I'm
using in my head of intersecting circles and the one space where they all intersect

would be homing in on. I don't know if that's sort of a distraction; if that's useful or
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not. Now I'm going to start looking at the words; sort of looking for something else to
kind of pop out, something different, something | haven't really quite tried yet.

I: Mmm-hmm.

(3:00) MATT: I mean if | had, if I did it differently, say there was, suppose there was
two minimal ideals. Then I could show that they are not really minimal ideals because
there is this other ideal N contained in both of them.

I: Could you do that on the. . .are you saying about this right here in front of you?
MATT: Yeah because | think the number of ideals is just giving me a hard time. It's
kinda hard to think about it. I'm thinking if I just think of two, I've got an ideal, the
intersection of the two original ones, I'd have some other ideal contained in both of
those.

I: Mmm-hmm.

MATT: I think what I'm struggling with is the definition of minimal ideal, having a
hard time sort of articulating it. I understand it, but

(4:00) There is no ideal contained in it, but I'm not sure how to, I think that's what's
giving me a hard time.

I: Ok.

MATT: I'm not really clear on what I'm trying to show. Does not properly contain
any other ideal. I guess it could equal itself. I think that's where. . .umm. . .minimal

ideal.
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I: So the question before the theorem on the page | think asks can you give me
examples of minimal ideals.

MATT: Ok.

I: Would that help you at all?

MATT: Can a semigroup be its own minimal ideal?

I: Oh yeah umm. . . the one, maybe example 5.

(5:00) I could pull it up.

MATT: Ok. Find some semigroups that contain and do not contain a minimal ideal.
I: I mean would that, let me just ask would that help you out with this?

MATT: I think it would because | would see how this minimal ideal is sort of sitting
in the semigroup so | see Oh that's what makes it kinda stand out. That would actually
help. So let's se. . .

I: You want me to give you one for free?

MATT: I'll take one for free.

I: Yeah? Ahh. . .think of. . .so groups are semigroups right?

MATT: Mmm-hmm,

I: So, | could take Z.

MATT: Ok.

I: The integers with addition as a group.

(6:00) Right?

MATT: Correct.
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I: What would be ideals of that group?

MATT: Ideals of that group?

I: Just regular old ideals.

MATT: Umm. . .well. . . let's see. . .zero would be one.

I: Mmm-hmm.

MATT: Not even numbers. Not odd numbers. Hmm. . .zero would be a minimal ideal
actually.

(7:00) I: Would it be?

MATT: Well zero is a set.

I: The set zero right.

MATT: It's the set zero. | mean there's only. . .there's no. . .

I: First of all, is it an ideal?

MATT: Oh. . .no. Wait, no it's not an ideal. Sorry.

I: Well, with the group Z, +, | don't think that's a minimal ideal right? But, | could
give you many other groups, or semigroups we're talking about like R and R with not
zero, R without zero

(8:00) and multiplication. There's another semigroup.

MATT: Ok.

I: Does that have a minimal ideal?

MATT: (mumbles, writes) Well an ideal would probably be, I'm thinking the

irrational numbers.
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I: Irrationals?

MATT: Irrationals.

I: Ok.

MATT: No it would not. That would not be true either. Let's see, 1/

(9:00) I: Times .

MATT: Times m.

I: Gives you 1. Yeah. So | mean it's tough, it's tough huh.

MATT: Yeah.

I: Trying to think of some ideals. What about. . .how about this group? Z,. The group
consisting of 0,1,2,3 and multiplication.

MATT: We're looking for a minimal ideal.

I: That's right. And mulitplication.

MATT: Well I mean umm. . .

(10:00) If we have multiplication as our operator, and we've got 0 in the set, that does
make the minimal ideal 0.

I: So is the set {0} an ideal?

MATT: Umm. . .it's an ideal. If you take (writes on board {0,1,2,3} and underneath

Z4 - {0} < {0}) (mumbles)
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I: Is that contained in {0}?

MATT: It would be. Zero times any of those numbers would still be 0.

I: So it is an ideal.

MATT: It's an ideal.

I: Is it minimal? That is to say, it does not contain. . .wait is that the definition. . .does
not contain

MATT: It does not properly contain any other ideal.

(11:00) I: That's right.

MATT: | mean just by being one element I mean, I mean we're not looking at. . .I'm
assuming the empty set here.

I: That's right.

MATT: Yeah that would be the minimal ideal.

I: Ok. So there is an example of a minimal ideal.

MATT: Ok so then. . .

I: Ok so can you, umm. . .before we get into this, can you give me an example of

another ideal in there?
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MATT: Well, Z, itself.

I: That's right. Ok, but a non, or a proper ideal.

MATT: Let's see. . .under multiplication?

(12:00) (writes {0, then erases it. Then writes {0,3} and before it writes Z, - and after
{0,3} puts =) Let's see.

(13:00) (After the = {0,) Zero's in there, so that's going to be, and 3 times 1 is 3 (adds

3 to list) and 3 times 2 is. . .oh shoot, 6, 3,4,5,6 (counts on the set {0,1,2,3})

(starts erasing the work)

I: So that might not be an ideal right there, right?

MATT: No. Uh-uh.

I: So, what about. . .so you had zero, 3 right there right? Could you try another
number with zero? (Goes to board to write another subset) | mean you have to have
zero there right?

(14:00) MATT: Ahh. . .2.
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I: Let's see what happens. (Mumbles, hand waves in effort to calculate, and writes,
= {0,2}) Yes so {0,2} would work.

I: Ok. So why is that not a minimal ideal?

MATT: Well we know this set (points to {0}) is an ideal, and this is going to be a
subset. . .(writes {0} < {0,2})

I: Ok. So there right there is an example of a minimal ideal and an ideal that is not
minimal but still an ideal.

MATT: Correct.

(15:00) (Looks back on the theorem) I'm just having a hard time with this one.

I: Ok. So we'll just, on the sake of time, | know you've got to get out of here by 4
right, or sooner.

MATT: Ideally.

I: Ok so for the sake of time, we'll just stop this right here. Let me grab this right here,
just what you have right here. And | want to ask you a couple of questions if that's
alright.

MATT: Sure.

I: Ok. At first, you said you wanted to rewrite the definition of minimal. Right? And
you said you wanted it to be a little shorter for you. Why?

MATT: It's easier to remember, and it's easier to remember. | could kind of get a

picture
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(16:00) It's easy to revisit those words, just as words to try and pull out a picture of
what's going on.

I: Ok. So umm. . . that brings me to my next question. You always refer back to your
picture in your head. Do you have this like image in your head that you're looking at
when you try to umm. . .work these things out? Let’s say I gave you a continuity
problem or a topology problem. Are there pictures still there?

MATT: There are pictures still there. | knew that's gotten me in trouble before.

I: Ok. To me I'm a big fan of examples, no matter what. That's why | wanted you to
go through with this.

MATT: I like that.

I: Because it brings out a little more, yeah. So there's pictures always inside.

MATT: Correct. There are pictures.

(17:00) I: Ok. And umm. . .ok so back to when you wanted to rewrite the minimal
ideal. You also said that it might come out clumsy. What did you mean by that?
MATT: I wasn't quite clear on how to express the picture in my head, where | was
trying to get from the words into a mathematical expression.

I: Ok.

MATT: The words made sense. | could put a picture in my head, the picture seemed
kind of ambiguous. It's like I would think of a minimal ideal as just a smaller ideal in
a larger ideal. But | couldn't something that would say this little ideal in the middle,

you can't draw something smaller than that.
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I: Ok.

MATT: Even though physically you could on the board and that's what | was kinda
struggling with is

(18:00) What about the mechanism, what sort of, | mean there's like a rod inside, or a.
..you can't make it smaller, what is that? And that's what I couldn't come up with.
That's been throwing me off.

I: Ok.

MATT: At least | feel like that is. That was something | was struggling with. Like |
just couldn't. How do | draw the picture of "this can't get any smaller than. . ."

I: That's right. Ok. Ok. Umm. . .Ok. So my next question is | want you to re-read that
theorem. . .that theorem at the end.

MATT: Every semigroup has at most one minimal ideal.

I: Minimal ideal right? So to you in your head, what does "at most one" mean?
MATT: Oh. . .you know I've read

(19:00) This and I thought only one. I did not consider the possibility it might not
have any.

I: Ok. So "at most one™ means one or none?

MATT: I think I just made a mistake on the. . .

I: Oh no no no. . .just glancing at this, I think you had the right idea, and I think that
if 1 gave you a night on this, you would definitely figure it out, what you're doing

here. But at most to you means zero or one?

245



MATT: It does mean that.

I: And that's because ideals are countable? What I'm trying to ask is "at most one"
sometimes means different things

(20:00) in context.

MATT: When I. . .when | read this, what | was thinking was that, and I'm not sure
why | thought this, but for some reason believe that , now that we are talking about it,
| think zero or one.

I: Yeah.

MATT: But at the time, | think what was really going on was that every semigroup
has a minimal ideal. All of them do.

I: Ok.

MATT: So my goal is to show that all semigroup have one minimal ideal.

I: Ok.

MATT: And I'm looking at this now, that was not the right track in some way. So it
was. . .that was the wrong tree to bark up I guess.

I: Ok. Well umm. . .I guess. I don't know. I think you barked up, let me put it this
way. | think you barked up the ok tree here. Umm. . .

(21:00) I think it just needs refinement, would that be good? I don't know. To me, |
mean this is almost done, and | don't have any other questions, so to me, at most one,
you're wanting to approach this by contradiction right?

MATT: Correct.
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I: So at most one, and ideals you can't have a fifth of an ideal, so at most one means
that I could suppose that there is two, or more right?

MATT: Correct.

I: But two might give me a thought process on how to get more of them right? | mean
you could have zero or one, at most one, so suppose there is two? If you want to go
by contradiction right?

(22:00) MATT: Sure.

I: And then you said. . . could you go through the proof if you had just two? If you
supposed that there is just two?

MATT: Well I was thinking about that at first, but then I started thinking well maybe
I need to be more formal, and then | was thinking. . .is it ok if | start to erase the
board?

I: Yeah yeah absolutely.

MATT: If umm. . . K3, K, were minimal ideals, (writes K;, K, mi s) well | would say

that there exists N by that theorem 2, would be contained in the intersection of K;and

K, which is also an ideal, (writes 3N € K; N K,)
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therefore these two aren't minimal ideals.

(23:00) So I would, the thing that I got. . .really struggling on is that, the one | tried to
show (points to N) that is a minimal ideal now, and that's where I think I'm coming
off the rails a little bit. I can show that these two are not minimal ideals (points to

K1, K>)

I: Ok.

MATT: That part is not the trouble part. Where I'm really kinda confused is, what I'm
trying to show there is one minimal ideal, but now after we've discussed, or there's
possibly zero.

I: Ok. So let me go ahead and just help you out a little bit. You actually labeled N to
be K; N K, (writes over the € with =)

MATT: Oh you're right you're right.

I: Ok. So you said that K; N K, € K; (writes K; N K, € K;). But K; isa minimal
ideal . That implies. . .the fact that it's a minimal ideal (writes M.I. above K;)

(24:00) implies that these are equal (writes K; N K, = K;). Likewise with K,. Right?

Similarly, right, I'm just spouting this off (writes Similarly, K; N K, = K,)
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MATT: Correct. Wow.

I: But then?

MATT: But then that means K; = K,.

I: That's right. So you have two minimal ideals, but now they are equal to each other.
What if you had n minimal ideals (points to J's argument on other board)?

MATT: It'd be the same.

I: You could play this game (points at new board) with each two of them. And |
thought you were going on that track.

MATT: No I did something else. I sort of looked at it. And again this is the picture in
my head.

I: Yeah. Yeah. And not only that I think you wanted to do a contradiction straight

contradiction whereas
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(25:00) This is not really contradicting much. I didn't contradict the fact that it's a
minimal ideal. | used the fact that it's a minimal ideal.

MATT: Yeah that's what. | completely. The picture is my head is sort of like this.

(Draws a diagram)

This is your S. This is say K, or K,doesn't matter. There's some set in here, N, or to
just make it a little better N;, and all of this is K,. You intersect them, and then how
do I show that this N just can't, and that's just based on the picture in my head.

I: Yeah.

MATT: That's what | was doing.

I: Ok. It's a really cool problem. I'll tell you why it's a cool problem.

(26:00) All the rest of these (points at notes), well many of the rest of these in your
guys's notes from that year was stated "If | have this, then | have this." Right?

MATT: Yeah.
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I: So you're given the supposition, and you're given the conclusion, and you guys just
sandwich stuff in. Right? This does not give it to you in an "If, then" statement.
"Every semigroup has at most one minimal ideal." Well how do we. . .how do we
handle that? Well you immediately handled every semigroup by picking a semigroup.
MATT: Yeah.

I: Immediately. At most one you said well suppose there are more than one. Right?
MATT: Correct.

I: And minimal ideal, you found out what that definition was. Right?

MATT: Correct.

I: I don't know. . .I'm still trying to figure out your definition of it. But I'll have to
(27:00) look at the tape to figure it out if it was with the regular one. But your
pictures, your thought process is very nice. Because you're saying hey this K;, there's
nothing inside of here. There should be nothing inside of here. It's minimal.

MATT: Correct.

I: So there should be nothing inside. Yeah, so this is cool. | really appreciate you
doing this for me.

MATT: Oh no problem. Absolutely.

I: This was taken straight from the notes. | didn't alter anything. So | knew that you
could at least attempt it.

MATT: Oh sure sure.

I: Last question I got for you. Did you use anything in your. . .you're taking 581 right?
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MATT: I'm not.

I: Or linear algebra?

(28:00) MATT: 525.

I:Did you use any of that in here? That thought process.

MATT: I did not. | didn't.

I: So no recent ideas came up here?

MATT: No no not at all actually.

I: Cool Joey thank you so much.

MATT: No problem. It's interesting the equal and I find that interesting that it never. .
.I'm sort of wondering. | mean for the students it's kind of an interesting problem. I
would have been staring down this direct contradiction for hours. I would have been
like, ok we are going to try this one way or another, but | guess at some point | would

text Meredith and say, Could you help me with this?
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E.3 Steve Interview

I: Alright, um, so what I have here, um . . . I’ve typed it up straight from the notes
from last semester; I mean last years I think. It’s, except for the numbering, this is
straight from the notes. And, uh, you can take any theorems you want for granted.
You don’t have to prove ‘em.

STEVE: Ok

I So they’re facts basically, not even theorems anymore. Uh, all the definitions are
there, everything. | just want you to prove the bottom. But the catch is, | want you to
tell me exactly what you’re doing or what you’re thinking during the proof.

STEVE: Ok, fair enough, I wasn’t planning to think today. I also was here like 17 and
Y hours straight the other day.

I: Oh no, this shouldn’t be so bad.

STEVE: It’s ok. Ok, fair enough, just prove the bottom right?

I: Just prove the bottom.

STEVE: Alright cool.

I: Like I said I want you to talk through it

STEVE: Talk through it.

I: Yeah.

(1:00) STEVE: Kind of like an oral exam right?

I: Yeah, but take out the exam part. [ don’t really care if you get it right or not.
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STEVE: Right, ok, so every semi group has at most one minimal idea so should I be
writing anything up on the chalkboard?

I: If you want to. I’d rather you do it on the chalkboard so that I can getitand . .. you
know see what’s going on.

STEVE: ok, fair enough, fair enough. Well let’s just look at the list of exactly what
we have here, definitions and what not. So we do have semi group which we’ve
already gone . . .which we did cover in the course. That’s important. So if we’re
gonna have a for every semigroup we should know what a semigroup is—non-empty
set S together with a binary operation, such that the operation is associative; that is for
all a, b and c € S it’s basically associative.

I: Ok

(2:00) STEVE: So, ok, we have that . . . right . . . definition 2: a non-empty subset A
of a semigroup S is called left ideal, right ideal of S, if SA is a subset of A so the next
part we’ll have to look at since we’re trying to prove every semigroup has at least one
minimal ideal. Well we have ideal so we need to go ahead and find out what minimal
ideal is. Just to figure that out . . . ok. . . .the intersection of a left ideal and a right
ideal is (mumbling and reading from sheet to self outloud). Alright, remembering this
stuff.

(3:00) Non-empty subset T is semigroup S is called sub-semigroup. (Mumbling to
self while reading the problem from paper). There we go, definition 8 finally. An

ideal, right ideal, K of a semigroup S which does not properly contain any other ideal
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of S is called a minimal ideal. So that mainly I guess what I need to recall. |
remembered ideals somewhat but the minimal ideal, had to find that definition. So, it
was all the way at the end.

(4:00) So, . . . alright . . .so, let’s just start by writing it down, right a little nicer. So
every semigroup has at most one minimal ideal. (Writes “Thm: Every semigroup has
at most one minimal ideal”) Writing it also kind of helps comprehend it.

I: Ok

STEVE: get what’s going on. At least for me, so. Ok, so we have, for every semi
group . . . so since it’s a for every statement we’ll just start with an aribitrary semi
group.

(5:00) (Writes “Pf:”) And since it’s arbitrary it will prove a for all statement. So
suppose (Writes “Suppose”) . . . and since a semigroup I don’t really want to use G
but I may just do that. I’ll use S instead that’s a good one. Semi I guess. (Writes “(S,-
)”’) Semi and, uh, it doesn’t matter what you call the operational use, dot for that. And
that way I can just write A, B, and it’s kind of implied in my normal way. So every
semi group has a. . . so suppose S with this operation is a semigroup (Writes “is a
semigroup”). So we’ll do that to start. So now we want to prove there exist. So it has
a, oh, at most one minimal ideal.

(6:00) Ok, I was thinking at least one. So, at most one minimal ideal. So first of all |
guess if we prove that there’s an ideal that would be a good start to it. And then we

maybe prove that the ideal is possibly unique. And then that would show that that
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would be the . . . uh. . . showing that it has one. So, . . . let’s see here, go back to
definition. So, let’s see here. Kind of . . . a non empty subset A of semi group is
called the left ideal. If SAisasubsetof A... SA ...OK.

(7:00) So now it’s kind of time to do some scratch work I guess. Has at most one
minimal ideal.

I: You’re more than welcome to use any other board if you want to.

STEVE: Alright. Yeah, | may go ahead and mess with that . . .

I: Branch.

STEVE: Thank you, the minimal ideal thing I might come back and associate that to
here. So, cool. So every semigroup has at most one minimal ideal. So let’s see here, if
we have that this is a semi group (mumble) with a binary operation, is associative. . .
So all we know so far is for all a, b, ¢ as (Writes “Va, b,c € §”)

(8:00) an element of S we have the (ab)c equals a(bc) (Writes “(ab)c = a(bc)”)
associativity. Somehow from this we’re gonna have to generate that it has an ideal so
that about the only hypothesis that we got here. So, let’s see. Has at most one minimal
ideal. Ok now it’s possible that there is no ideal at all. So we do have to consider that
situation as well. So, . . .has at most one minimal ideal. So, there’s either one or zero
minimal ideals we have to consider. Suppose, so let’s see.

(9:00) Suppose S has at least one minimal ideal. . . . (mumbling and reading from
paper). Ok let’s see then, so, I'll just kind of go somewhere with this. We suppose S

has a minimal ideal (Writes “Suppose S has a minimal ideal”)
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(10:00) so if we just kind of consider there is just one ideal up here. Of course if there
is no ideal that the statement will be true already. But, if we suppose it has a minimal
ideal than we’ll show that is going to be the only minimal ideal. So, suppose it has a
minimal ideal and call it, and I’ll go ahead and use the same letter, it doesn’t really
matter, A. (Writes “call it A”’) Then, first of all we’ll state just going with the
definition of ideal that

(11:00) SA is a subset of A and AS is a subset of A. Of course we’ve already defined
what this means in setwise theory so I’m not gonna go there. So we have that. Subset
of Sof SA....... So let’s go ahead and for that matter could combine this statement
as it has there with ideal. of course the other statement is true if it’s this and this
they’ll both work, but

(12:00) AS union SA is a subset of A. (Writes “AS U SA € A”) That might be a
shorter nicer way of saying it but of course that’s here as well. Ok so, non-empties . . .
ok and then from there going back to the minimal ideal, the ideal of a semigroup
which does not properly contain any other ideal. Ok. . ., so since this does not , so
let’s see here. Suppose S has a minimal ideal call it A and A is here. For all. . .is it ok
if 1 use my for all symbols?

I: Yeah, yeah. Do whatcha please.

(13:00) STEVE: um, ok, properly contained ideal. It’s either a for all or it does not
exist. Which is still a for all in some ways. Ideal of K which does not properly contain

other group. So in some words just kind of going with something. I usually don’t like
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to say it does not exist, but just to kind of keep things going along. There does not
exist a B, an ideal B, such that B is a proper subset of A. (Writes “Z an ideal B s.t.

B & A”)So, that’s just saying, going with first of all this is an ideal and now we’re

going with that A is going to be minimal.

(14:00) So, K an ideal, K in a semigroup which does not properly contained any other
ideal of S is called minimal. OK. So let’s see. We could approach this by a
contradiction. Suppose that S has two minimal ideals, maybe. Um and then show that
they’re either equal or, that would still be, show that uniqueness of that. So that would
also be a good idea. So suppose that A has, let’s say 2, minimal ideals, call them, and
just to keep them in alphabetical order I’'m gonna take this B out. So I’'m gonna call it
A, B then,

(15:00) A this and then also BS union SB subset of B. Same statements just going for

B. So there does not exist an ideal, we’ll call it C now, just to have a nice order. Such
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that C is a subset of A or C being a proper subset of B. (Writes all the corrections in

picture below)

So in some way | want to show that A and B might be possibly equal to each other.
Um, . .. let’s see here. Ok, so we’re not given any other hypothesis such as being is
commutative or anything like that.

(16:00) So, every sub-semigroup has at least one minimal ideal. OK, so suppose S has
2 minimal ideals, call them A4, B, so either contradiction or showing that they’re equal
will work. Um . . . contradiction if we’re supposing that they’re, uh, um, different.
Um, I can’t think of the proper word for that right now.

I: That’s all right.

STEVE: Distinct, that’s what I mean. So there’s a nonexistent ideal such that C is

(mumble) So if we have an ideal. So, let’s see here. So if this is an ideal
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(17:00) this is for all S. So if this again is for all S might want to take an element in S.
So let, might usually use a different order of things and you know and after it’s
actually written in a nicer way. But if we let s be an element in our say semigroup and
say, um, a an element of are minimal semigroup and for that matter I guess we should
make that a comma. And B an element of the other minimal sub, um, the other
minimal ideal. (Writes “Let s € S, a € A,and b € B”)

(18:00) Then let s be an element that, a an element here, b an element there. Then,
sa, as are elements in A and sb, bs are elements in B. (Writes “Then sa, as € A and
sb,bs € B”) You ok?

I: Yeah, I’'m just choking on my . . .

STEVE: You wanna get some water or something?

I: No, I’'m fine. Thanks though.

STEVE: For sa, . . . ok. So, and that’s just from the definition that we’ve already
applied here. (Pointsto AS USA € A and BS U SB < B)

(19:00) So, some elements. So let s be an element of S, a and element of A, and b an
element of B. And sa, as is an element of A and sb, bs is an element of B. So let’s
see here. | can show for that matter, um, that A is a subset of B and B is a subset of A
(Writes A < B then below B < A) that would show that they would both be unique
and would just be by our given hypothesis that way if we have here. So, that would be
another, um, way to go about, uh, really doing this, it’s a good thing to do. It’s kind of

on track of where I’m kind of going with this. And thought wise.

260



(20:00) I'll think about that for a second. So S, . . . ok so if I let, . . . so if we’re going
that . . .then, let’s see here. I’'m gonna show that A is contained in B, | can take an
aribrary element in A and show that it’s therefore in B somehow. And I’m sure I’ll

have to use the whole hypothesis about ideals. Ok, I think I’ve got an idea here.

(MOVES TO NEXT BOARD, First board final work)

So, if . . .we suppose that they both have minimal ideals, um. . . here, then A is an
ideal,

(21:00) B is an ideal. So that doesn’t necessarily show that, um . . . So what I’m kinda
getting at, at the moment, uh, is that if this is an ideal and this one’s a minimal then it
would have to be an element within the minimal part just by the whole ideal, minimal

ideal concept.
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I: mmhmm

STEVE: Um, but I don’t want to assume the conclusion here

I: Right

STEVE: At the same time, so | have to kind of watch out for this. Um, so . . . suppose
S has 2 minimal ideals then call AS and, ok, um, let’s just see here again. Let a be an
element of A4,

(22:00) s an element of S. (Writes “Let a € A,s € §”) Let’s see. So, just kind of think
here for a minute. . .

I: mmhmm

STEVE: .. . real quick. OK (mumbling), so leta bein 4, s in S.

(23:00) So, as A is an ideal we already kind of did that before, as, sa are elements in
A. (Writes “As A is an ideal, as, sa € A”) Now if we can show that this is also an
element of B, that would be good. So how to, um, do that is going to be the trick of
what’s actually needs to be done. So let S be . . . ok so there’s a couple of problems
(mumbling). Ok, I just had another idea.

(24:00) Um, because of this, if AS union, if AS is a subset of A and that’s a subset of
S. (Writes “AS € A € §”) So we have B being a minmal, um, minimal ideal then for
the left part of that B times whatever element here which is in S will be contained in
B and same thing for the other side. (Writes “B(AS) € B”) So, um, (AS)B will also

be contained in B. And, since A is also minimal we can also show the opposite side
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here and go with, um, BS is a subset of B ,which is a subset of S. (Writes “BS € B ©
$”) And so since this is a subset of S by the definition of minimal ideal

(25:00) then we can go here with, A, the left, uh, multiplication, uh, which | believe
might acutally be the right idea, I think there was some, | remember that used to
always, kind of, uh, ‘cause it eats up the right part. But, um, anyway, besides that this
has got to be a subset of A and for that matter BS has got to be a subset (Writes
“A(BS) € A”), (BS)A also has to be a subset of A (Writes “(BS)A € A”). And so
that’s the general thought right now, approach. I think I’1l pretty much get this
because, in some way, and you’ll notice we also have some properties of associativity
to work with, etc. . . .

I: mmhmm

STEVE: .. .etc. So, that’s . . . the direction to go in . . .

I: ok

STEVE: . . .with the two minimal ideals, for that matter.

(26:00) Um, ok, . . .so. . ., almost, I feel like I’'m almost done here. I feel like it’s

really a scattered, uh, thought.
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I: No, it’s alright man.

STEVE: It’s like a bunch of scratch work all over the place, but . . ., um, . . . the main
thing is to get the idea down. So, um, . . . if we let a be an element in A, so going
back to, I guess, here, and I guess just kind of going with this approach. (Erases the
top of the board) And uh, I'll just go with, uh, without a loss of, uh a similar argument
afterwards. If | can show that for an arbitrary element a that that’s gonna be

contained in B,

(27:00) then, um, I can just do a similar argument. And that would, uh, do the
opposite. So, um, hopefully I can show that that’s contained in B. So let a be in 4,
um, let’s see then. . . . I may have to play with this a little bit more. So let a be in A4,
possibly a b in B which I’'m thinking, and s in S. (Writes “Let a € A,b € B,s € §7)

So, for that matter . . . if. .. a ... a(bs), (Writes “a(bs)”) I don’t want to do that one.
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(28:00) b(sa) (Writes “b(sa)”), b, see ‘cause this would say that that would be an
element of A by definition (Writes “€ A” next to a(bs)). This one would necessarily
be in B (Writes “€ B” next to b(sa)), as would be an element of B (Writes “b(as) €
B”). And I guess we can also do the right multiplication here. (sa)b is an element of
B (Writes “(sa)b € B”)and of course we have associativity to play with on all these 1
figure I might as well just write down these possibilities (Writes “(as)b € B”) . . . so
I don’t have to think as much later. But that’s basically these two parts here (Draws a
bracket around B(AS) < B and (AS)B < B), which we already kind of justified and

uh,um. ..

I: mmhmm
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(29:00) STEVE: . ..and uh, um. .. course we need to write it up properly, but
anyway, justification. We can write later, huh?

I: yeah, always can come back.

STEVE: So, if | can do this (Erases a(bs) € A), as, so if this is contained in, this has
to be an element in b. Is this actually the best idea to go with? If s is an element of S
and a is an element of . . . hmm. . . . I’ll need this to imply though, that that’s an
element. That a is an element of B.

(30:00) BS is asubset of B . . .. OK, and of course associativity is highly useful with
all this, um. . . ok. So, . . . see ‘cause I can use the associativity to show that this, right
here, is also equal to say (bs)a which means it’ll be implied that it’s an element in A
using the ideal of A which is useful (Writes “(bs)a € A”). Um, similarly for this one.
(31:00) So a(sb) is also an element in A. (Writes “a(sbh) € A”) Let’s see here.
A(BS) ... just checking out the time.

I: mmhmm. Yeah I gotta, well I’ll give you about another, 6 more minutes.

STEVE: That’s cool.

I: Then we’re gonna do some questions, just some questions.

STEVE: That’s cool. That’s cool. So, if we let a be in A. So the approach, to show a
is an element of B. (Writes “WTS a € B”) So a is an element in B.

(32:00) That’s not necessarily what we want to do here. B(AS) . . . subset B, (AS)B

isthe subsetof B ...soif A...showaasanelementof Bso...BS...hmmm....
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(33:00) For that matter I wouldn’t even have to use the similarly argument, just to
point out, we wouldn’t have to do a similarly argument because if I can show that a is
in B, a is contained in B, since it’s not a proper subset it would have to be the same
set. So that would at least also, um, be something else too.

I: mmhmm

STEVE: I’'ll go with, as far as this goes, uh. SoletabeinA...sinS...hmm, for
that matter do | necessarily need this element s (Erases s € S at the top) because by
the same logic, if b is in B, then b is also contained in S for that matter. (Writes “C
S” nextto b € B)

(34:00) So that might eliminate some other things that we’d have to deal with. So, ab,
for that matter, ok, well would then be an element of A and B. (Writes “ab € A, B”)
And ba is an element of A and B because they’re both ideals (Writes “ba € A, B”),
they’re both contained in S.

I: mmhmm

STEVE: So, therefore, . . .0k, so ab is in an element of . . . let’s see here, let ab be in
an element there, so, let’ssee, ... a. ..

(35:00) Right I have to prove that there’s one, at most one, so that still needs to be
done. So if ab is in A, then since it’s not a group I can’t pull any inverses of anything
like that . . . of course. Um, . . . if we knew that the, we don’t even know that there’s

an identity element for that matter because it’s a semigroup also. . . . So we’re not
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gonna go there. So we just need to use associativity or possibly someway, this. . . . so

I: You’re on the cusp.

STEVE: I know, I know, I justuh . ..

I: Let me stop you right here. Let me just suggest something.
(36:00) STEVE: Ok

I:So,abisin A

STEVE: Right

I: and it’s in B.

STEVE: Right

I: What’s that mean?
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STEVE: A intersection B. There you go.

I: ok (Writes “ab € AN B”)

STEVE: Alright, and then. Alright, then . . .

I: And then what?

STEVE: Ok, so, ok,

I: If it’s an A intersect B . . .

STEVE: If it’s an A intersect B. A intersect B is a subset of A
I: Right

STEVE: And A doesn’t contain any proper subsets.

I That’s not necissarly true.

STEVE: Alright, hold on.

I: A can contain proper subsets.

STEVE: A cannot contain any ideals.

I: Ideals, that’s right.

STEVE: not proper subset.

I: But what about A intersect B as an ideal?

STEVE: A intersect B. Is that, well, it’s gotta be an ideal. But why is more
importantly.

(37:00) I: So go ahead and check the notes and see if you got something.
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STEVE: I remember something in here about the intersections. Um, I think that it’s
also an ideal. The thing had, the intersection was also an ideal. Intersection of ideals
is an ideal.

IIsit. ..

STEVE: And so, uh, let me just make sure. | believe that was it. The intersection of
two ideal is an ideal so therefore if this is a subset of A then this implies, since it’s not
a, since it’s not a proper subset of A

I: That’s right.

STEVE: Then that implies that A equals B. (Writes “= A = B”) That’s the only way
that it can be an ideal and still be a subset.

I: Right, well, you jumped one, but yeah, A is equal to this because of the subset and
the minimal ideal and

(38:00) Likewise you can argue that B is equal to this therefore their equal.

STEVE: Right.

I: Perfect.

STEVE: Pretty much straighten out the details, but

I: Perfect.

STEVE: Yeah, yeah, | knew something was going on there. | just need to brainstorm
a bit.

I: yeah, it is, it’s something else.

STEVE: Yeah.
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I: But, yeah, ok

STEVE: Cool. That was a neat little, uh.

I: Itis.

STEVE: problem for munching

I: 1t’s a nice little, munching on problem | guess. Um, so let me, let me ask you this.
STEVE: I wasn’t prepared to think at all . . .

I: No, no, no this is good though, this is good. Um, so let me put down, uh here. Ok.
Ok Uh, so you repeatedly went back to the definition. Is that, is that like a common,
do you

STEVE: Well

I: Do you do that in your other classes like algebra. You’re taking algebra one right?
STEVE: Right, doing algebra one right now and topology one and measure theory.
(39:00) I: Yes. The three hardest classes ever in the history of mathematics. But, go
ahead.

STEVE: So loads of fun there. Yeah, | mean, you always have to look at how, since
we were given something,

I: mmhmm

STEVE: you know, then you have to look at your definition because that gives you a
whole bunch of hypothesis.

I: Right
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STEVE: You know, as soon as | look at that, you know, we, associativity, was, was
one of the main things. You also have to look at what you can’t assume. So we can’t
assume things like commun, commutativity. Um, you know, um which even though
it’s not commutative, we use the other definition with the ideals.

I: Yeah

STEVE: and that what matter. Um, so it gives you a lot of hypothesis, it also shows
you where you want to prove things.

I: Ok

STEVE: Of course, in here, in this example, and you know in class, you know,
theorems, it’s the intersection theorem that you have there, um, you know the
(40:00) Theorems are also very useful, um. | mean they, can just provide short cuts
rather than having to prove a lot of other things or prove alternative methods. So, of
course you know you got to look at, uh, what hypothesis you got, where you want to
end up and that. And it comes from definitions.

I: Yeah, yeah. Ok, um, uh. Another thing. So, when, when you saw this theorem you
immediately said, uh, let S be a semigroup.

STEVE: Oh yeah.

I: Was, | mean, yeah, uh, like what goes through your mind when you see like every
semigroup or every, um, every set has a certain measure or something like that?
STEVE: Well, um, if you just start off with the arbitrary set then if you prove it for an

arbitrary one then it has to apply for every single one of those.

272



I: Right. Ok.

STEVE: And so that’s like automatic that you start off with

(41:00) I: It’s like one of those “bam” you know.

STEVE: right, just as you know, we’ve gone over before.

I: Oh yeah. Absolutely. And, uh, did you use any, like and, uh, pictures in your head
when you were thinking about this? Were there any diagrams or anything?

STEVE: This particular one | wasn’t so much thinking about diagrams. Um, I mean
maybe before. Different problems I do.

I: Yeah

STEVE: This one in particular. Let me, let me, | can kinda retrace my steps and think
about that before just answering though. I mean, of course, we don’t really think |
guess by now, you know I’m not really thinking of a diagram where like the subset
and the containment and here

I: yeah

STEVE: and what not and I’m not also, like you know, doing these 4, B things
(Draws a Venn Diagram with A, B, not on camera)

I: right

(42:00) STEVE: trying to show that it’s only here. And it’s kind of more um, I wasn’t
thinking of the diagrams in that way. That’s uh, that’s a diagram that, you know it
kinda comes with more automatic just being a subset and so | was thinking more

axiomatic.
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I: Ok

STEVE: This, this problem. | mean | do think in pictures sometimes.
I: Mmhmm

STEVE: That would deal more with compliments and

I: yeah, yeah

STEVE: and those good stuff

I: well there’s a whole bunch, and uh, one last question ‘cause I know you gotta go .
STEVE: I would apply with the DeMorgan’s and the unions and things like that.

I: oh yeah.

STEVE: that’s a good diagram pictures and uh.

I pictures.

STEVE: yeah

I: alright, last, last question for ya. Did, was there anything in this proof, or that
you’ve seen here, that you’ve already seen in 5817

STEVE: Anything here that I’ve seen in 5817 Um, in the 581, um, I mean as far as
going about what a semigroup was,

(43:00) But I mean really we were working with group so | mean

I: yeah

STEVE: You know, I mean if, if I didn’t know better I would have just done too
much with semigroups, but so I mean there’s some distinctions there.

I: Yeah identity and the inverse and the . . .
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STEVE: yeah, exactly, so we’re working with groups and we haven’t even, I don’t
think I’ve even heard the ideal in the class yet, I’ve heard it in another class.

I: yeah, yeah, usually it’s associated with rings.

STEVE: with rings

I: yeah, yeah an ideal of a ring. Right?

STEVE: oh ok.

I: Um, but, uh, yeah this is cool.

STEVE: no I haven’t seen any of this in 581.

I: well thank you, thank you. Let me get this off.
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APPENDIX F: CODING THE PROOF FRAMEWORKS

Theorem 1: For sets Aand B, if An B = A,then AU B = B.

Proof: Let A and B be sets such that A n B = A. Suppose x € AU B.

Case 1: Suppose x € A. Since A = AN B, then x € B.

Case 2: Suppose x &€ A. Since x € AU B, then x € B.

Then, in both cases, x € B. Therefore, AU B € B.

Now suppose x € B.Sox € Aorx € B. Thenx € AU B. Therefore B € A U B.

Hence AUB = B.

e IMP
e IMP
e CAS
e IMP
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Theorem 2: For sets A,B,and C,ifAc BandA < C,thenAS BNC.

Proof: Let A, B, and C be sets. Suppose A € B and A < C. Suppose x € A. Then
x € B and x € C. That means by the def of intersection x € B n C. Therefore,
ACBnNC.

e IMP
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Theorem 3: For sets A, B, and C, if A € B then C\B < C\A.
Proof: Let A, B, and C be sets such that A € B. Suppose x € C\B. Then x € C and
x &€ B.By A € B we have x € A; hence x € C\A. Therefore, C\B S C\A.

e IMP
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Theorem 4: A\(B U C) = (A\B) n (A\C).

Proof: Let A, B, and C be sets. Suppose x € A\(BUC).Sox € Aandx &€ BU C.
Then it is not the case that x € B or x € C. Thus x € B and x & C. This implies

x € A\B and x € A\C. By the definition of intersection, x € (A\B) N (A\C).
Therefore A\(B U C) € (A\B) n (A\C).

Now consider x € (A\B) N (A\C). This implies x € A\B and x € A\C. This implies
x€Aandx g€ Bandx € Aand x & C. Thisimpliesx € B U C and x € A. This
implies x € A\(B U C), which implies by the definition of subset, (A\B) N (A\C) <

A\(B U C). Therefore A\(B U C) = (A\B) n (A\C).

e IMP
e [IMP
e [IMP
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Theorem 5: For sets Aand B, AU B # @ ifand only if A # @ or B # Q.
Proof: Let A and B be sets such that A U B # @. Then there exists x € A U B. So
x €EAorx € B.Thus, A # @ or B # Q.
Now, Let A and B be sets such that A = @ or B # @. Consider A # @. Then there
existsa € A. Soa € A or a € B which impliesa € AU B. Thus AU B # Q.
Similarly, if B # @ then AU B # 0.
Therefore, AUB # @ ifand only if A + @ or B + Q.

e IMP

e CAS
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Theorem 6: For sets A,B,and C,if AUB = C and An B = @, then B = C\A.

Proof: Let A, B, and C be setssuchthat AUB = C and An B = Q.

Part 1: Suppose x € B. Thenx € AU B. Since AU B = C, we have x € C. Since
ANB =@, thenx & A. Thus x € C\A. Hence B < C\A.

Part 2: Suppose x € C\A. Then x € C and x & A. In particular, x € C. Since AUB =

C, we have x € AU B. Butsince x ¢ A we have x € B. Thus C\A < B. Thus

B = C\A.
e IMP
e IMP
e IMP
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Theorem 7: For sets A and B, P(An B) = P(A) n P(B).

Proof: Let A and B be sets. Suppose C is an arbitrarily chosen set. Consider the case
that C € P(AN B). Then C € A n B which implies that C € A and C < B. Since

C < A, thenC € P(A) and since C < B,then C € P(B).So C € P(A) and C € P(B);
hence C € P(A) n P(B). Therefore P(AN B) € P(A) n P(B).

Now, consider C € P(A) N P(B). Then C € P(A) and C € P(B) which implies that
CcAandC < B.SoC € AnBandthus C € P(AnN B). Therefore, P(A) N P(B) <

P(ANB). Thus, P(ANB) = P(A) n P(B).

e IMP
e [IMP
e IMP
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Theorem 8: Let X and Y be setsand f: X — Y be a function. If A € X and B € X then
f(AuB) =f(A) U f(B).

Proof: Let X and Y be sets and f: X — Y be a function, where A € X and B € X.
Suppose y € f(AU B). Then f(x) =y forsomex € AUB.Sox € Aor x € B.
Theny € f(A)ory € f(B). Thusy € f(A)U f(B).So f(AUB) € f(A) U f(B).
Now suppose y € f(A) U f(B). Theny € f(A) ory € f(B). Theny = f(x), where
x€Aory=f(x"),wherex' € B.Soy=f(x) € f(AUB)ory =f(x') e f(AU
B). In either case, y € f(A U B). Therefore, f(A) U f(B) € f(AU B). Thus if

Ac Xand B € X,then f(AUB) = f(A) U f(B).

e IMP
e [IMP
e [IMP

e CAS
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Theorem 9: Let X and Y be setsand f: X — Y be a function. If A € X and B € X then
f(AnB) < f(A) N f(B).

Proof: Let X and Y be setsand f: X — Y be a function. Suppose A € X and B C X.
Suppose y € f(A N B). Then, by the definition of image, there exists x € X such that
x€ANBand f(x) =y. So,asx€ANB,x€Aandx € B.Thusy = f(x) €
f(A)and y = f(x) € f(B). Therefore f(AN B) < f(A) n f(B).

Proposition: In general, f(AN B) 2 f(4) n f(B).

Proof: (Counter-example) Let f: R — R be defined by f(x) = x2. Suppose 4 = {—2}
and B = {2}. ThenAnB ={-2}n{2}=0.Also, f({-2}) nf{2}) = {4} n

{4} = {4}.Soas @ 2 {4},then f(ANB) 2 f(4A) n f(B).

e IMP
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Theorem 10: Let X,Y,A,B besetsand f: X — Y beafunction.IfAcSYand B CY,
then f~1 (AN B) = f~1(4) n f~1(B).

Proof: Let X,Y, A, B be setsand f: X — Y be a function. Suppose A€ Y and B Y.
Suppose x € f1(AN B), then f(x) EANB.By f(x) € An B, we have f(x) € A
and f(x) € B.Thenx € f~1(4),x € f~1(B). Thenx € f~1(4) n f~1(B). Thus
fAANB) s AN fH(B).

Conversely, suppose x € f~1(4) N f~1(B). Thenx € f~1(4) and x € f~1(B). Then
f(x) e Aand f(x) € B; hence f(x) e ANB.Thusx € f (AN B). Thus f~1(4) n

f~Y(B) € f~1(An B). We conclude that f~*(A N B) = f~1(4A) n f~1(B).

e IMP
e [IMP
e IMP
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Theorem 11: Let X,Y,A,B besetsand f: X — Y beafunction.IfAcSYand B CY,
then f~1(AUB) = f1(A) U f~1(B).

Proof: Let X,Y,A, B be setsand f: X — Y be afunction. AlsoletAcYandB CY.
(=) Suppose x € f~1(A U B), then f(x) € AU B. This implies f(x) € A or

f(x) € B;thenx € f~1(A), x € f~1(B). By definition of union, x € f~1(4) U
f~Y(B). Therefore f"1(AUB) € f~1(4) U f~1(B).

(<) Suppose x € f~1(4A) U f~1(B). Then f(x) € A or f(x) € B. By definition of
union, f(x) € AU B. Thereforex € f~1 (AU B). Thus f~1(4A) U f~1(B) ©

f~Y(AuB).Hence f"Y(AUB) = f~1(4) U f~1(B).

e IMP
e [IMP
e IMP

286



Theorem 12: Let X,Y,Z be setsand f: X - Y and g: Y — Z be functions. Then

ge f:X — Zis afunction.

Proof: Let X,Y,Z besetsand f: X — Y and g: Y — Z be functions. Let x € X. Since
f:X - Y isafunction, then (x,y) € f forsome y € Y. Also, g:Y — Z is a function,
so (y,z) € g forsome z € Z. Therefore, forall x € X, (x,z) € g o f forsome z € Z.
Thus, X is the domain for g o f.

Suppose z,z' € Z such that (x,z) € go fand (x,z') € go f.Sothen (x,z) Egof
implies there exists y € Y such that (x,y) € f and (y,z) € g. Also, (x,z') € go f
implies there exists y' € Y such that (x,y") € f and (3',z") € g. As f is a function,
(x,y) € f,and (x,y") € f,theny = y'. As g is a function, (y,z) € gand (y',z') =

(y,2") € g, then z = Z'. Therefore, f o g is a function.

e IMP
e IMP
e UNIQ
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Theorem 13: Let X,Y,Z besetsand f: X — Y and g: Y — Z be functions.

) If fand g are 1-1,thensois g o f.

I) If f and g are onto, thensois g o f.

Proof: Let X,Y, Z be sets and define x,x’' € X,y € Y,andz € Z. Also, let f: X - Y
and g: Y — Z be functions. Then g o f is a function. (By Theorem 12.)

1) Suppose f and g are 1-1 and g(f(x)) = g(f(x")). Since g is a 1-1 function, then
f(x) = f(x"). Since f is a 1-1 function, x = x'. Therefore, g o f is a 1-1 function.
I1) Now suppose f and g are onto functions. Let z € Z be fixed and arbitrary. Then,
as g is onto, there exists a y € Y such that g(y) = z. Also, as f is onto, there exists
x € X suchthat f(x) =y.S0 g o f(x) = g(f(x)) = g(y) = z. Thus forany z € Z

there exists an x € X such that g o f(x) = z. Hence g o f is onto.

o IMP
e UNIQ
o IMP

288



Theorem 14: Let X,Y,Z besetsand f: X —» Y and g: Y — Z be functions. If g o f is
ontothensois g.

Proof: Let X,Y,Z besetsand f: X — Y and g: Y — Z be functions. Suppose g o f is
onto. Let z € Z. Then we have x € X sothat g o f(x) = g(f(x)) = z.But f(x) € Y
and g(f(x)) = z. Thus g is onto.
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Theorem 15: Let X and Y be setsand f: X — Y be a function. If f is 1-1 and onto,
then =1 is also a 1-1, onto function (from Y to X).

Proof: Part 1: Let y € Y. Because f is onto, there is x € X so that f(x) = y; i.e.,
(x,y) € f.So (y,x) € f~1. Therefore, y € domain of f~1 and so Y € domain f 1.
So the domain of f~1isY.

Part 2: Lety € Y and x; € X and x, € X. Suppose (y,x;) € f~tand (y,x,) € f~L.
Then (x4,y) € f and (x,,y) € f. As f is 1-1, we have x; = x,. Therefore, f~* has
the single-valued property. Thus, f~1:Y — X is a function.

Part 3: Let y and y' € Y. Also let x € X. Suppose f~1(y) = f~1 (') = x. Now
v,x)Ef L, ,x)€ef 1 So(x,y) € f, (x,v) € f.But f is a function, therefore
y =y’ Hence f is 1-1.

Part 4: Prove f is onto. Let x € X. Since f is a function, there is a y such that

f(x) =y.Thus, f~1(y) = x. Therefore f~1 is onto.
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Theorem 16: Let c € Rand f,: R = R be a function given by, forall x € R, f.(x) =

c. Then £, is continuous.
Proof: Let c € Rand f,: R — R be a function given by, for all x € R, f.(x) = c. Let
a € Rand choose € > 0. Let § = € and let x € R. Suppose |[x — a| < §. Then

|f(x) — f(a)] = |c — c| = 0 < &. As our choice of a € R was arbitrary, we conclude

that £ is continuous on R.
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Theorem 17: The function i: R —» R given by for all x € R, i(x) = x is continuous.
Proof: Let x € Rand i: R - R be a function given by i(x) = x. Leta € R and
choose € > 0. Let § = €. Suppose |x —a| < 8. Then |i(x) —i(a)|=|x—a| < =
€. S0 i is continuous.
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Theorem 18: Let a € Rand f: R — R be a function continuous at a. Then there is a
d>0andaM > 0sothat, forall x € R, if |[x —a| < 6 then |f(x)| < M.

Proof: Let f: R — R be a continuous functionata € R. Let e > 0 and x € R.
Because f is continuous, there exists a § > 0 so that |x — a| < & implies |f(x) —
f(a)] < e. Thenthisimplies —e < f(x) — f(a) <e=> —e+ f(a) < f(x) <e+
fl@= —-(+lfl@h=-e-lf(@l<—e+fl@<fx)<e+fla)<e+
|f(a)]. Hence |f(x)| < e+ |f(a)|. Let M = £ + |f(a)|. Note that M > 0.
Therefore, if f is continuous at a € R, there existsa § > 0 and a M > 0 such that if
|x —al < & then|f(x)| < M.
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Theorem 19: If a € Rand f: R - Rand g: R = R are functions continuous at a,

then f + g: R = R is continuous at a.

Proof: Suppose a € Rand f: R — R and g: R — R are functions continuous at a. Let

€ > 0. Then there is a §; > 0 such that for all x € R, whenever |x — a| <

81, If (%) = f(@)] < 2. Also, there is a 8, > 0 such that for all x € R, whenever

|x — al < 8,,19(x) — g(a)| <. Choose § = min{3;, 5,}. Let x € R and suppose

|x —al < é.Since |(f + 9)(x) = (f + @] = [[f (x) + g()] = [f(a) +

9@l = |[f () = (@] +[g(x) = g@]l < If () = f(@] + g(x) — g(@)] <+

S =& Therefore, f + g: R = R is continuous at a.

e IMP and QF

294



Theorem 20: If a € Rand f: R = Rand g: R = R are functions continuous at a,
then fg: R — R is continuous at a.
Proof: Let f: R = R and g: R — R be functions continuous at a. Fix € > 0.

Case 1: g(a) # 0. Since f is continuous at a, then there is a §; > 0 such that for all

x ER, |x —al <§; implies |[f(x) — f(a)] < ﬁ. Also, thereisa d, > 0 and a

M > 0 such that for all x € R, |x — a| < &, implies |f(x)| < M (by Theorem 18).

Since g is continuous at a, then there is a §; > 0 such that for all x € R, |x — a| < &3
implies |g(x) — g(a)| < ﬁ. Let § = min{&,, 8, 8} and let x € R. Suppose

|x —al <&.Then [fg(x) — fg(a)] = |f(x)g(x) = f@g(@)] = |f () g(x) -
f@g(a) + f(x)g(a) — f)g@] < If ()g(x) — fla)g(@)] + |f (x)g(a) -
fg@] = 1f)lgx) = g@I +1g@If(x) = f@] < M- —+|g(a)] -

& & & i .
2g@] 2 To=¢& Therefore, when g(a) # 0, fg is continuous at a.

Case 2: Suppose g(a) = 0. Then f(a)g(a) = 0. Since f is continuous at a, there is a
&, > 0anda M > 0 such that for all x € R, if |x — a| < §;, then |f(x)| < M. Also,

since g is continuous at a, there isa 6, > 0 such that |x — a| < &, implies |g(x) —
gla)| =1gx)| < % Let § = min{d;,8,}. Then |x — a| < § implies |f(x)g(x) —
f@g@)| =1f(x)gx)| <M - % = &. Therefore, if g(a) = 0 and f is continuous at

a, then fg is continuous at a.
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Theorem 21: If n > 0 is an integer and f: R — R is a polynomial function of degree
nand a € R, then f is continuous at a.
Proof: Letn € Z such thatn > 0 and f: R — R be a polynomial function of degree n
and a € R. Define f;: R — R such that for all x € R, f;,(x) = x* where k € N or
k=0.
For our base case, note that f,(x) = 1. So, by Theorem 186, f, is continuous at a.
Assume fi,_;(x) = x*~1 is continuous at a. Note that by Theorem 17, f;(x) = x is
continuous at a. Thus, by Theorem 20, fi, (x) = fi—1(x) - fi(x) = x¥71 . x = x¥ is
continuous at a. So, by induction, f;, is continuous at a.
Note that Theorem 16 implies f.: R — R such that for all x € R, £,/ (x) = ¢ where
c € Ris continuous at a. So, by Theorem 20, g, (x) = f¢, (x)fr(x) = cpxk is
continuous at a.
Next, for our base step, note go(x) + g1 (x) = cox° + ¢;xt = ¢y + ¢, x is continuous
at a by Theorem 19. Assume all polynomials
Pr-1(x) = go(x) + g1(x)+...+ 911 (x) are continuous at a. Then, by Theorem 19,
p(x) = pr_1(x) gk (x) is continuous at a.
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Theorem 23: The intersection of two ideals is an ideal.
Proof: Let (S,-) be a semigroup. Let A € S,B < S be ideals of S. As A, B are both
ideals, we can say that A is a left ideal, that B is a right ideal, and that, by Theorem
22, AN B is non-empty. Then forx e An B and y € S, we have xy, yx € A and
xy,yx € B, hence xy,yx € An B. Thus A n B is an ideal.
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Theorem 24: Every semigroup has at most one minimal ideal.

Proof: Let S be a semigroup. Suppose S has two minimal ideals, called A and B.
Now, by Theorem 22, A n B # @. Also, by Theorem 23, A N B is an ideal. Since
ANB<cAand An B < B, and A and B are minimal ideals, we have A = ANB =
B. Therefore, every semigroup has at most one minimal ideal.
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Theorem 25: A semigroup can have at most one zero element.
Proof: Let S be a semigroup and suppose that S has two zeroes called c;, c,. Since c;
is a zero element, c;c, = c,c; = ¢, and likewise ¢, is a zero element, so c;c, =

c,Cc1 = C3. Thus ¢; = c¢,. Therefore every semigroup has at most one zero.
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Theorem 26: Distinct minimal left ideals of a semigroup are disjoint.
Proof: Let (S,-) be a semigroup and let A,, A, be minimal left ideals of S, where
Ay # A,.Suppose Ay N A, # Q. Leta € A, NA,. Lets € S. Then sa € A, and
sa € A,.So sa € A; N A,. Therefore A; N A, is a left ideal of S. Since A; N4, € A;
and A; N A, € A, and since A, and A, are minimal left ideals, then 4, N A, = A,
and A, N A, = A,. S0 A; = A,. This is a contradiction, so A; N A, = @. Note that
the proof that distinct minimal right ideals of a semigroup are disjoint is done
similarly.
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Theorem 27: Let S and T be semigroups and f:S — T be a homomorphism. If e € S
is an idempotent, then f(e) is an idempotent in T.

Proof: Let S and T be semigroups and f: S — T be a homomorphism. Suppose e € S
is an idempotent. So ee = e. Then f(ee) = f(e). And by f being a homomorphism,
f(ee) = f(e)f(e), which then leads from both expressions to f(e) = f(e)f (e).
Thereby showing f(e) is an idempotent.
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Theorem 28: Let S and T be semigroups and f: S — T be a homomorphism. If A is a
subsemigroup of S. Then f(A) is a subsemigroup of T.
Proof: We want to show that f(A)f(A4) € f(A). Lett € f(A)f(A), then there are
p,q € Asuchthatt = f(p)f(q). Since f is a homomorphism, then f(p)f(q) =
f(pq). Also, since A is a subsemigroup of S and p, g € A, then there is b € A such
that pg = b. Now we have t = f(p)f(q) = f(pq) = f(b). Since b € A, then
f(b) € f(A). Therefore t € f(A).
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Theorem 29: Let S and T be semigroups and f: S — T be an onto homomorphism. If
e isa zero of S, then f(e) is a zero of T. Also, if e is an identity of S, then f(e) is an
identity of T.

Proof: Let S and T be semigroups and let e be a zero of S. Let f: S — T be an onto
homomorphism. Suppose y € T. Theny - f(e), f(e) - y € T. But f is onto, so we
have x € Swithy = f(x). Theny - f(e) = f(x) - f(e) = f(xe) = f(e) and
fle)-y=f(e) f(x)=f(ex)=f(e).Asf(e) -y =y-f(e) = f(e) fle)isa
zeroof T.

Now suppose e is an identity element of S. Choose any t € T. Then thereisas € S
suchthatt = f(s) = f(es) = f(e)f(s) =f(e)-tand t = f(s) = f(se) =

f(s)f(e)=t-f(e).Sof(e) -t=t-f(e) =t. Therefore, f(e) is an identity

element of T.
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Theorem 30: Let S and T be semigroups and f: S — T be an onto homomorphism. If [
is an ideal of S, then f(I) is an ideal of T
Proof: Let S and T be semigroups and f: S — T be an onto homomorphism. Let I be
an ideal of S. Letp € T - f(I). Then there existsat € T and an f (i) € f(I) such that
p=t-f(i) fori € I. Since f is onto there exists an s € S such that f(s) = t.
Therefore p = f(s)f(i). Since f is a homomorphism p = f(s)f (i) = f(si). Since I
is an ideal of S, then si € I. Thus p = f(si) € f(I). Therefore, if p € T - f(I), then
p € f(I). Hence f(I) is an ideal of T.
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Theorem 31: Let G be a group with identity 1. If g, g',g"" € G withgg' = g'g =1
and gg"' =g "g=1,theng' = g".

Proof: Let G be a group with identity 1. Let g, g’, 9" € G with gg’ = g'g = 1 and
99" =g"'g =1.Since g'g and gg'’ are equal to the identity, then g"" = (g'g)g" =
9'(g9") =g .S0g" =g
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Theorem 32: A group has no proper left ideals [right ideals, ideals].
Proof: Let G be a group. Suppose (by contradiction) that A is a proper left ideal of G.
Then there exists g € G such that g € A. Let a € A. Then as G is a group, there exists
aleGsothatala=1€A.Theng-1=g € A, butg ¢ A, acontradiction.
Therefore, there is no proper left ideal of G. Similarly, there are no proper right ideals
and no proper ideals of G.
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Theorem 33: Let S be a commutative semigroup with no proper ideals. Then S is a
group.

Proof: Let S be a commutative semigroup with no proper ideals. Let a € S. By the
lemma, aS = S, so there exists e, such that ae, = a. Now let b € S. Since we also
have Sa = S, there exists ¢ such that ca = b. Then be, = (ca)e, = c(ae,) = ca =
b. Since b was arbitrary, e, is the identity of S. Call it e. Also, since aS = S, there
exists a’ such that aa’ = e. But aa’ = a’a by commutativity. Thus, every element of

S has an inverse. Therefore, S is a group.
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Theorem 35: If X = {1,2,3} is a Hausdorff space then every subset of X is open.
Proof: Let X = {1,2,3} be a Hausdorff space. Then for 1,2 € X there exists open sets
U, and V; suchthat 1 € V;,2 € U; and V/; N U; = @; and for 2,3 € X there exists
open sets U, and V, such that 2 € V,,3 € U, and V, n U, = @; and for 1,3 € X there
exists open sets U; and V5 such that 1 € V3,3 € U; and V5 N U3 = @. It can be shown
that V; nV; = {1}, U; NV, = {2}, and U, n U5 = {3}, which are open sets in X. Any
union of the open sets {1}, {2}, and {3} is also open in X. Therefore, every subset of X
IS open.
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Theorem 36: Let X, Y, and Z be topological spacesand f: X - Y and g:Y — Z be
continuous functions. Then the function g o f: X — Z is continuous.

Proof: Let X,Y, and Z be topological spacesand f: X - Yand g:Y — Z be
continuous functions. Then by the lemma, for each openset U in Z, (g o f)~1(U) =
(f~1 o g~1)(U). Since g is continuous, then g~ (U) is open in Y. As f is continuous,
then (f =1 o g71)(U) is open in X. Therefore, g o f: X — Z is continuous.

e [IMP

Lemma: Let X,Y,and Z be setsand f: X > Yand g:Y - Z. Then (go f) 1 = f 1o

-1

g

Proof: Let X,Y,and Z be setsand f: X — Y and g: Y — Z. Suppose (z,x) € (g °
f)~1. Then (x,z) € g o f. So there exists y € Y so that (x,y) € f and (y,z) € g. So
(z,y) egtand (y,x) € f~1. Thus, (z,x) € f~1 o g~1. Therefore (g o f)~1 €
fleg™

Suppose (z,x) € f~1 o g71. Then there existsay € Y so that (z,y) € g~ and
(v,x) € f71.S0 (x,y) € fand (y,z) € g. Then (x,z) € go f. Thus, (z,x) €

(g o f) L Therefore, f71o g1 € (g o f)~1. Therefore, (go f) 1 =f1og™L
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Theorem 37: Let X and Y be topological spaces and f: X — Y be a continuous
function. If f is 1-1 and Y is Hausdorff, then X is Hausdorff.
Proof: Let X and Y be topological spaces and f: X — Y be a continuous, 1-1 function,
and let Y be Hausdorff. Let v,w € X, where v # w. Then f(v), f(w) € Y. Further,
since f is 1-1, f(v) # f(w). Since Y is Hausdorff, there exist open sets V, W where
f(w) eVand f(w) € Wsuchthat V. n W = @. Now since f is continuous, then
f~1(V)isopenand f~1(W) is open in X. Suppose f~1(V) n f~1(W) = @. Then
thereexistana € f~1(V)n f~Y(W).Soa € f~Y(V)and a € f~1(W). Then
f(a) €Vand f(a) € W,so f(a) € VnW. This is a contradiction, so f~1(V) n
W) =0.Asv e f~1(V)and w € f~1(W), then X is Hausdorff.

e IMP

e CONT

311



Theorem 38: If X is a Hausdorff space and x € X, then {x} is closed.
Proof: Let X be a Hausdorff space. Let x € X. Note {x} = X — (X — {x}). Suppose
y € X and y # x. Because X is Hausdorff, there is an open set P, for which y € P,.
There is also an open set R,, such that x € R, and P, N R,, = @. Suppose P, € X —
{x} then x € B, but x € R,,. Therefore x € P, N R,,, which is a contradiction.
Therefore, P, © X — {x}. Thus for every y # x there is an open set P, where y € P,
and P, € X — {x}. The union of all P, is equal to X — {x}, which is thus an open set.
Therefore {x} is closed, being the complement of an open set.
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Theorem 39: If X is a compact, Hausdorff topological space, then X is regular.

Proof: Let X be a compact, Hausdorff topological space. Suppose A € X is closed and
p € X — A. As X is a Hausdorff space, for every a € A there exist open sets Q, € X
and P, € X witha € Q,;p € P;,and Q, N P, = @. Then {Q,|a € A} is an open cover
of A. Now, X — A is the complement of A in X and A is closed, so X — A is open.
Thus {X — A} U {Q,|a € A} is an open cover of X. But X is compact; hence, there
exists C that is a finite subcover of {X — A} U {Qq|a € A}. Then {Q,,|Q4, € C,1 <

i <n,n € N} is a finite open cover of A. For each @, we have a corresponding F,,
withp € B, and Qq, N By, = @. As {F, |1 < i < n}isafinite set, and F,, is open for
each i,niL; P,, isopenand p €N, F,, . Let us assume that there exists an x € X such

that x €U}, Qq, and x EN;_, P, Then we have x € Qq, forsome 1 < j < n. But
X €F,; hence x €Ni_; P,,. This is a contradiction. We see that (n{;l Pai) N

(UL Qq) = @. Thus X is regular.
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Theorem 41: Let X be a topological space and A € X and B € X. If A is closed and B
is open, then A — B is closed.

Proof: Let X be a topological space with A € X and B € X where A is closed and B is
open.

Lemma: X — (X —A)UB) =A—B.

Proof: Letx € X — ((X —A)UB). Thenx € X and x ¢ (X — A) U B. So
xeEX,x¢X—Aandx & B. Thusxe€X,xeAld,andx & B.Sox e Xandx € A —
B.SinceA—Bc X, thenx€ A—B.SoX — ((X—A)UB) € A— B. Now, let
x€A—B.ThenxeAandx ¢ B.Sox¢ X —Aandx ¢ B.Sox ¢ (X —A) UB.
Thusx € X — ((X—A)UB).SoA—B < X — ((X — A) UB). Therefore X —

(X-—AuB)=A-B.
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Since A is closed, then X — A is open. Also, B is open, so (X — A) U B is open.
Therefore, X — ((X — A) U B) is closed. Since X — ((X —A) UB) = A — B, then
A — B is closed.
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Theorem 42: Let X be a topological space and A € X and B < X. If A is open and B
is closed, then A — B is open.

Lemma: Let X beasetand A,C € X. ThenA— (X —-C)=AnNnC.

Proof: Let X beasetand A4,C € X. Suppose x € A — (X — C). Then x € A and
x¢X—C.Sox e C.Thus,x € Aand x € C. Therefore, x e AnC.

Supposey e ANC.Thenye Aandy e C.Soy ¢ X —C.Thusye Aandy ¢ X —

C. Therefore,y € A — (X — C).

e [IMP
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Proof of Theorem: Let X be a topological space and A € X and B € X. Suppose 4 is
open and B is closed. Then there exists an openset C € X sothat B = X — C. So
A—B=A—-(X—-C).Bythelemma,A— (X —C) =ANC.As Aand C are open,
then A N C is open. Therefore, A — B is open.
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Proposition: Any ideal of the semigroup ({2"|n € N},-) is of the form {2"|n > k} for
some k € N.

Proof: Let S = ({2™|n € N},-) and let I be an ideal of S. Then I < S and I has a least
element. We denote this least element of I by 2%. Let us assume that there is 27 ¢ I
with p > k. As there exists an integer ¢ > 0 sothat k + g = p, we see that 29 € S
and 2% - 29 = 2P Then our assumption that 2P ¢ I has led us to a contradiction. Thus
if I is an ideal of S, then 2P € I for p > k. Thus an ideal of S must be of the form

I = {2"|n = k}. Now choose k, = 1 and let j € N with j < k,. Then 2/ ¢ I, =
{2™|n = k,}. Then for any 2™ € I, we have 2™ - 2/ > 2o and 2™ - 2/ € I,,. As our

choice of k, was arbitrary, we see that for each k € N, we have {2¥|n > k} is an

ideal of S.
e IMP
e CONT
e IMP

Corollary: The semigroup ({2™|n € N},-) has no minimal ideal.

Proof: Let us assume that M is a minimal ideal of S = ({2"|n € N},-). By the
proposition above, we have k € N so that 2% is the least element of M. But then

M = {2"|n > k} 2 {2"|n = k + 1}. But we know that {2"|n > k + 1} is an ideal of
S, s0 M is not a minimal ideal of S. As our choice of k € N was arbitrary, we

conclude that there is no minimal ideal of S.
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Lemma: Let S be a commutative semigroup with no proper ideals. Then, for all a €
S,a§=S.
Proof: Let S be a commutative semigroup with no proper ideals. Let a € S and define
thesetaS = {a-s|s € S}. Asa € S, we see that a - a € aS, and hence aS # @. Then
fora-s€eaSandteSwehave (a-s)-t=a-(s-t).Buts-teS,soa-(s-t) €
aS. Thus aS$ is an ideal of S. As S has no proper ideals, we have aS = S.

e IMP
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Theorem 33: Let S be a commutative semigroup with no proper ideals. Then S is a
group.

Proof: Let S be a commutative semigroup with no proper ideals. Let a € S. By the
above lemma, aS = S. Asa € S, there exists e, € S such that a - e, = a. Similarly,
let b € S. Then there exists e, € Ssuchthatb -e, =b.Nowa-b € S,s0e, -
(a-b)=(eg-a)-b=a-band(a-b)-e, =a-(b-e,) =a-b.Also,since
(ab)S = S by the above lemma, there exist 1, t,, € S with r,,(ab) = e, and
tap(ab) = e,. Bute, = 14(ab) = Tab((ab)eb) = (Tab (ab))eb = €q€p =
eq(tap(ab)) = (eq(ab))tay = (ab)ty, = €,. As a, b € S were arbitrary, we have
shown that forall a,b € S, e, = e;,. Sete = e, = ep,. Then for all a € S, because S is

commutative, we have ae = ea = a. Thus e is the identity of S. Since e € aS, there
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exists a’ € S such that aa’ = e. As S is commutative, we have aa’ = a’a = e. Thus

each element of S has an inverse. Therefore S is a group.
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APPENDIX G: RAW DATA ON THE PARTICIPANTS

Total time is the cumulative time from the first date and time stamp till the last date
and time stamp. Total tech time is the time on the technology. Pages is the amount of
pages used by the participant throughout the experiment. Some participants did not
use the technology correctly, and will only have anecdotal time data, but will still
have page data.

G.1Dr. A, Applied Analyst

Date Time Start Time Ended Time elapsed | Total Tech
time
7/13/2011 2:44 PM 2:44 PM 0:00:06 0:00:06
7/13/2011 2:44 PM 2:44 PM 0:00:06 0:00:12
7/13/2011 2:49 PM 2:49 PM 0:00:11 0:00:23
7/13/2011 2:56 PM 2:56 PM 0:00:25 0:00:48
7/13/2011 2:56 PM 3:12 PM 0:15:31 0:16:19
7/13/2011 3:20 PM 3:33 PM 0:13:15 0:29:34
7/13/2011 3:37 PM 3:45 PM 0:08:07 0:37:41
7/13/2011 3:48 PM 3:57 PM 0:08:45 0:46:26
7/13/2011 4.01 PM 4:17 PM 0:15:57 1:02:23
7/14/2011 11:07 AM 11:18 PM 0:10:38 1:13:01
7/14/2011 11:31 AM 11:31 AM 0:00:02 1:13:03
7/14/2011 11:32 AM 11:37 AM 0:04:37 1:17:40
7/14/2011 11:38 AM 11:51 AM 0:13:09 1:30:49
7/14/2011 11:53 AM 12:03 PM 0:10:26 1:41:15
7/14/2011 12:11 PM 12:11 PM 0:00:01 1:41:16
7/14/2011 12:22 PM 12:28 PM 0:06:28 1:47:44
7/14/2011 12:55 PM 1:.01 PM 0:05:31 1:53:15

Total time: 22 hours, 17 minutes

Pages: 8
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G.2 Dr. B, Algebraist
Total time: 5 hours, 40 minutes

Pages: 18
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G.3 Dr. C, Algebraist

Date Time Start Time Ended Time elapsed | Total Tech
time
8/8/2011 8:54 AM 9:42 AM 0:47:55 0:47:55
8/8/2011 1:46 PM 2:00 PM 0:14:09 1:02:04
8/9/2011 5:40 PM 6:20 PM 0:39:39 1:41:43
8/10/2011 10:11 AM 10:22 AM 0:11:34 1:53:17
8/10/2011 1:22 PM 2:18 PM 0:56:10 2:49:27

Total time: 2 days, 5 hours, 24 minutes

Pages: 9
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G.4 Dr. D, Analyst
Total time: 3 hours

Pages: 10
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G.5 Dr. E, Logician
Total time: 5 hours

Pages: 14
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G.6 Dr. F, Algebraist

Date Time Start

Time End

Time elapsed

Total Tech
Time

11/29/2011 4:48 PM

6:10 PM

1:21:07

1:21:07

Total time: 1 hour, 21 minutes

Pages: 9
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G.7 Dr. G, Topologist

Date Time Start Time Ended Time elapsed | Total Tech time
12/3/2011 5:33 AM 5:50 AM 0:16:51 0:16:51
12/3/2011 5:50 AM 6:06 AM 0:16:05 0:32:56
12/3/2011 6:06 AM 6:20 AM 0:13:46 0:46:42
12/3/2011 6:20 AM 6:31 AM 0:11:35 0:58:17
12/3/2011 6:31 AM 6:46 AM 0:14:36 1:12:53
12/3/2011 6:46 AM 6:56 AM 0:09:18 1:22:11
12/3/2011 6:56 AM 7:04 AM 0:07:52 1:30:03
12/3/2011 7:04 AM 7:04 AM 0:00:04 1:30:07
12/3/2011 8:07 AM 8:10 AM 0:02:36 1:32:43
12/3/2011 8:12 AM 8:12 AM 0:00:01 1:32:44
12/3/2011 9:44 AM 9:59 AM 0:15:10 1:47:54
12/3/2011 10:02 AM 10:02 AM 0:00:10 1:48:04
12/3/2011 10:09 AM 10:20 AM 0:10:45 1:58:49
12/3/2011 10:20 AM 10:23 AM 0:03:20 2:02:09
12/3/2011 10:57 AM 11:02 AM 0:05:14 2:07:23
12/3/2011 11:03 AM 11:04 AM 0:01:07 2:08:30

Total time: 5 hours, 31 minutes

Pages: 10
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G.8 Dr. H, Topologist

Date Time Start Time Ended Time elapsed | Total Tech
time
12/7/2011 7:05 PM 8:42 PM 1:36:48 1:36:48
12/8/2011 9:05 AM 9:40 AM 0:34:28 2:11:16
12/9/2011 11:44 AM 11:45 AM 0:00:30 2:11:46
12/9/2011 12:09 PM 12:13 PM 0:02:51 2:14:37

Total time: 1 day, 17 hours, 8 minutes

Pages: 22
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G.9 Dr. |, Topologist
Total time: 4 days

Pages: 21
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G.10 R, Ph.D. Student, First Semester

Date Time Start Time End Time elapsed | Total Tech
Time

12/9/2011 12:09 PM 12:12 PM 0:02:51 0:02:51
12/12/2011 2:22 PM 2:27 PM 0:04:32 0:07:23
12/12/2011 3:29 PM 3:33 PM 0:04:08 0:11:31
12/12/2011 4:47 PM 4:48 PM 0:00:52 0:12:23
12/12/2011 4:54 PM 5:.01 PM 0:07:09 0:19:32
12/12/2011 5:02 PM 5:05 PM 0:02:56 0:22:28
12/12/2011 5:16 PM 5:18 PM 0:01:56 0:24:24
12/12/2011 5:27 PM 5:32 PM 0:04:28 0:28:52
12/12/2011 5:32 PM 5:34 PM 0:01:35 0:30:27
12/12/2011 5:35 PM 5:38 PM 0:03:29 0:33:56
12/12/2011 5:41 PM 5:43 PM 0:01:32 0:35:28
12/12/2011 5:45 PM 5:47 PM 0:01:41 0:37:09
12/12/2011 5:53 PM 5:54 PM 0:00:23 0:37:32
12/13/2011 12:06 PM 12:10 PM 0:04:11 0:41:43
12/13/2011 12:20 PM 12:26 PM 0:06:19 0:48:02
12/13/2011 12:27 PM 12:28 PM 0:01:05 0:49:07
12/13/2011 12:46 PM 12:48 PM 0:01:34 0:50:41
12/13/2011 1:40 PM 1:50 PM 0:09:36 1:00:17
12/13/2011 2:12 PM 2:14 PM 0:02:16 1:02:33
12/13/2011 2:19 PM 2:21 PM 0:01:52 1:04:25
12/13/2011 10:13 PM 10:15PM 0:01:37 1:06:02
12/13/2011 10:41 PM 10:42 PM 0:00:31 1:06:33
12/13/2011 11:06 PM 11:12 PM 0:05:40 1:12:13
12/13/2011 11:16 PM 11:20 PM 0:03:42 1:15:55
12/13/2011 11:24 PM 11:28 PM 0:03:40 1:19:35
12/13/2011 11:33 PM 11:38 PM 0:04:54 1:24:29
12/13/2011 11:46 PM 11:48 PM 0:02:13 1:26:42
12/13/2011 11:48 PM 11:51 PM 0:03:22 1:30:04
12/13/2011 11:52 PM 11:53 PM 0:00:42 1:30:46
12/13/2011 11:58 PM 11:58 PM 0:00:06 1:30:52
12/14/2011 4:15 PM 4:20 PM 0:04:27 1:35:19
12/14/2011 11:50 PM 11:51 PM 0:00:40 1:35:59
12/14/2011 11:56 PM 11:56 PM 0:00:25 1:36:24
12/14/2011 11:56 PM 11:59 PM 0:02:47 1:39:11
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12/14/2011 11:59 PM 11:59 PM 0:00:07 1:39:18
12/16/2011 5:38 PM 5:42 PM 0:03:28 1:42:46
12/16/2011 6:49 PM 6:53 PM 0:03:46 1:46:32
12/16/2011 6:56 PM 6:56 PM 0:00:27 1:46:59
12/16/2011 6:57 PM 6:58 PM 0:01:27 1:48:26
12/16/2011 10:50 PM 10:51 PM 0:01:02 1:49:28
12/16/2011 11:00 PM 11:09 PM 0:09:15 1:58:43
12/16/2011 11:10 PM 11:20 PM 0:09:59 2:08:42
12/16/2011 11:41 PM 11:54 PM 0:12:58 2:21:40
12/16/2011 11:55 PM 11:57 PM 0:02:25 2:24:05
12/17/2011 12:08 AM 12:11 AM 0:02:29 2:26:34
12/17/2011 9:32 AM 9:33 AM 0:00:53 2:27:27
12/17/2011 12:02 PM 12:08 PM 0:05:47 2:33:14
12/17/2011 12:41 PM 12:44 PM 0:02:33 2:35:47
12/17/2011 12:44 PM 12:45 PM 0:00:36 2:36:23
12/18/2011 9:29 AM 9:34 AM 0:04:44 2:41:07
12/19/2011 11:47 AM 11:48 AM 0:00:52 2:41:59
12/19/2011 11:48 AM 11:53 AM 0:04:29 2:46:28
12/19/2011 11:58 AM 12:00 PM 0:01:27 2:47:55
12/19/2011 12:03 PM 12:05 PM 0:01:52 2:49:47
12/19/2011 12:27 PM 12:27 PM 0:00:06 2:49:53
12/19/2011 12:31 PM 12:33 PM 0:01:26 2:51:19
12/19/2011 12:35 PM 12:36 PM 0:00:40 2:51:59
12/19/2011 5:20 PM 5:21 PM 0:01:02 2:53:01
12/19/2011 5:21 PM 5:24 PM 0:03:09 2:56:10
12/19/2011 5:27 PM 5:31 PM 0:04:31 3:00:41
12/19/2011 5:34 PM 5:34 PM 0:00:19 3:01:00
12/19/2011 5:59 PM 6:02 PM 0:02:29 3:03:29
12/19/2011 6:03 PM 6:07 PM 0:03:36 3:07:05
12/19/2011 6:08 PM 6:09 PM 0:01:09 3:08:14
12/20/2011 6:17 PM 6:20 PM 0:02:24 3:10:38
12/20/2011 6:20 PM 6:25 PM 0:05:00 3:15:38
12/20/2011 6:44 PM 6:45 PM 0:00:40 3:16:18

Total time: 11 days, 6 hours, 36 minutes

Pages: 18
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G.11 L, Ph.D. Candidate, Commutative Algebra

Date Time Start Time End Time elapsed Total Tech
Time
12/23/2011 12:55 PM 1:51 PM 0:55:45 0:55:45
12/26/2011 9:16 AM 9:49 AM 0:32:46 1:28:31
12/26/2011 10:02 PM 10:14 AM 0:12:15 1:40:46
12/26/2011 10:26 PM 10:56 PM 0:30:12 2:10:58
12/27/2011 9:53 AM 10:15 AM 0:22:27 2:33:25
12/27/2011 10:19 AM 10:54 AM 0:35:16 3:08:41
12/27/2011 11:03 AM 11:06 AM 0:02:28 3:11:09

Total time: 3 days, 22 hours, 11 minutes

Pages: 10
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G.12 P, Ph.D. Candidate, Brownian Motion
Total time: 2 days

Pages: 7
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G.13 Z, Ph.D. Student, Statistics

Date Time Start Time End Time elapsed | Total

Tech

Time
1/15/2012 6:49 PM 6:51 PM 0:01:20 | 0:01:20
1/15/2012 6:52 PM 6:53 PM 0:01:30 | 0:02:50
1/15/2012 7:06 PM 7:08 PM 0:01:23 | 0:04:13
1/15/2012 7:40 PM 7:51 PM 0:11:22 | 0:15:35
1/15/2012 8:01 PM 8:04 PM 0:02:34 | 0:18:09
1/17/2012 1:33 PM 1:33 PM 0:00:13 | 0:18:22
1/20/2012 11:17 AM 11:19 AM 0:02:15 | 0:20:37
1/24/2012 12:38 PM 12:45 PM 0:07:16 | 0:27:53
1/24/2012 12:52 PM 1:05 PM 0:13:39 | 0:41:32
1/25/2012 10:28 AM 10:28 AM 0:00:10 | 0:41:42
1/27/2012 5:00 PM 5:00 PM 0:00:04 | 0:41:46
1/29/2012 10:43 AM 11:15 AM 0:32:35 | 1:14:21

Total time: 13 days, 17 hours, 26 minutes

Pages: 4
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G.14 RI, Master’s Student, First Semester

Date Time Start | Time End | Time elapsed | Total Tech Time
1/23/2012 | 11:12PM | 11:15PM 0:03:17 0:03:17
1/23/2012 | 11:21 PM | 11:22 PM 0:00:32 0:03:49
1/24/2012 | 9:13AM | 9:14 AM 0:01:16 0:05:05
1/24/2012 | 9:28 AM | 10:02 AM 0:34:14 0:39:19
1/24/2012 | 10:42 AM | 10:42 AM 0:00:08 0:39:27
2/11/2012 | 11:01 AM | 11:.02 AM 0:00:42 0:40:09
2/11/2012 | 11:07 AM | 11:29 AM 0:21:43 1:01:52
2/23/2012 | 7:50 AM | 8:35 AM 0:44:37 1:46:29
2/23/2012 | 9:29 AM | 10:36 AM 1:07:06 2:53:35
2/23/2012 | 5:24PM | 5:40 PM 0:15:36 3:09:11
2/27/2012 | 8:41AM | 931 AM 0:50:37 3:59:48
2/27/2012 | 11:35 AM | 12:12 PM 0:36:47 4:36:35
2/27/2012 | 1:06 PM | 1:13PM 0:07:24 4:43:59

Total Time: 34 days, 14 hours, 1 minute

Pages: 14
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APPENDIX H: NOTES FOR PARTICIPANTS

Definition A: A semigroup (S,-) is a nonempty set S together with a binary operation
- on S such that the operation is associative. That is, for all a,b,and c € S, a -
(b-c)=(a-b)-c.

Note: We often refer to the “semigroup S” instead of the “semigroup (S,")” and
symbols such as +, —,*,©,@® may be used instead of “-”. Also, "a - b” or “ab” is
often read “a times b”’.

Example 1: Find several examples of semigroups.

Definition B: A nonempty subset A of a semigroup S is called a left ideal [right ideal,
ideal] of S if SA € A [AS € A,AS U SA € A] where SA = {sa|s € Sand a € A}.
Example 2: Find some examples of left ideals, right ideals, and ideals in several
semigroups.

Theorem 3: The intersection of a left ideal and a right ideal is nonempty.

Theorem 4: The intersection of two ideals is an ideal.

Definition C: A non-empty subset T of a semigroup S is called a subsemigroup of S if
TT < T.

Note: In a semigroup, every left ideal, right ideal, and ideal is a subsemigroup.
Definition D: A semigroup S is called commutative or Abelian if, for each a and

b €S, ab = ba.

Example 5: Find some ideals in [0,1] under multiplication.
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Definition E: An element e of a semigroup S is called an idempotent if ee = e. (“ee”
is often written “e2”.)

Definition F: An element 1 of a semigroup S is called an identity element of S if, for
each s € S, 1s = s1 = s. (Other symbols, such as “e”, may be used instead of “1” to
represent an identity element.)

Definition G: An element 0 of a semigroup S is called a zero element of S if, for each
a € S,0a = a0 = 0. (Other symbols may be used instead of “0” to represent a zero
element.)

Example 6: Find a semigroup with an idempotent which is neither the identity nor a
zero.

Definition H: An ideal [left ideal, right ideal] K of a semigroup S which does not
properly contain any other ideal [left ideal, right ideal] of S is called a minimal [left,
right] ideal of S.

Example 7: Find some semigroups that contain, and some that do not contain, a
minimal ideal.

Question 8: Can a semigroup be its own minimal ideal?

Theorem 9: Every semigroup has at most one minimal ideal.

Example 10: Find examples of semigroups that (1) are not commutative, (2) do not
have idempotents, and (3) consist entirely of idempotents.

Theorem 11: A semigroup can have at most one identity element and at most one zero

element.
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Theorem 12: Distinct minimal left [right] ideals of a semigroup are disjoint.

Note: If a semigroup has a minimal ideal, it is unique (by Theorem 24) and it is called
the kernel of the semigroup. The theory of semigroups started (in 1928) when
Suschewitsch characterized the kernel.

Definition I: Let S and T be semigroups and f: S — T be a function. We call f a
homomorpism if, foreachx € Sand y € S, f(xy) = f(x)f(y). If f is also one-to-
one, f is called an isomorphism. We say S and T are isomorphic if f is an onto
isomorphism.

Note: We think of semigroups S and T as the “same” if there is an onto isomorphism
f:S-T.

Example 13: Find some examples of homomorphisms that are, and are not,
isomorphisms. Also find some examples that are, and are not, onto.

Theorem 14: Let S and T be semigroups and f: S — T be a homomorphism. If e € S
is an idempotent, then f'(e) is an idempotent.

Theorem 15: Let S and T be semigroups and f: S — T be a homomorphism. If A is a
subsemigroup of S, then f(A) is a subsemigroup of T.

Theorem 16: Let S and T be semigroups and f: S — T be an onto homomorphism. If
e is an identity [zero] of S, then f(e) is an identity [zero] of T.

Theorem 17: Let S and T be semigroups and f: S — T be an onto homomorphism. If I

is an ideal of S, then f(I) is an ideal of T.
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Definition J: A semigroup G is called a group if G has an identity 1 and if for each
g €EGthereisag’' € Gsuchthatgg' = g'g = 1.
Theorem 18: Let G be a group with identity 1. If g, g',g"” € G withgg' = g'g =1
and gg" =g''g =1,then g’ = g". (That is, the element g’ so that gg' = g'g = 1is
unique. The element g’ is called the inverse of g in G and written g=1.)
Theorem 19: A group has no proper left ideals [right ideals, ideals].
Theorem 20: If S is a commutative semigroup with no proper ideals, then S is a
group.
Theorem 21: If S is a commutative semigroup with a minimal ideal K, then K is a
group.
Question 22: For each of parts a, b, and c are the two semigroups isomorphic? Prove
you are right.
(@) (Z,+) where Z is the integers and + is ordinary addition. (2Z, +) where
27 is the even integers and + is ordinary addition.
(b) (R, +) where R is the real numbers and + is ordinary addition. ((0, «),-)
where (0, o) is the positive real numbers and - is ordinary multiplication.
(c) (L,”) where L ={0,1,2,3,4}and for x,y € L, x - y = x. (Zs,") Where
Zs = {0,1,2,3,4} and x - y means “xy mod 57, i.e., ordinary
multiplication minus (whole) multiples of 5. For example, 4 - 4 = 16 —
(3x5)=1,3-4=12—(2x5)=2and3-3=9—5=4, but

2:2=4.
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APPENDIX I: TIMELINES FOR IMPASSES

1.1 Dr. A

3:48 PM

7/13/11

9 min.

At this time Dr. A first attempted a proof of
Theorem 21. He stopped and moved on to
Question 22.

4:01 PM

7/13/11

16 min.

Continuing later, when he had finished Question
22, Dr. A scrolled up to his first proof attempt. He
looked at his answer to Question 22, and at the ten
minute mark, erased his first proof attempt. He
then scrolled back to his proof of Theorem 20,
viewed it for one minute, and wrote “the argument
above proves that K has a multiplicative identity in
S.” There was a brief pause, after which he
scrolled up to the proof of Theorem 20 again for
the final 30 seconds. Proving ended for the day at
4:17.

11:07 AM

7/14/11

11 min.

The next day Dr. A again started attempting to
prove Theorem 21. But this time he used a
mapping ¢ [that multiplied each element by a
fixed k, (an idea from his own research). He
struggled with some computations until the end of
this “clocked in” period.

11:32 AM

7/14/11

5 min.

When he “clocked in” again, Dr. A again worked
with the mapping idea and then wrote, “I don’t
know how to prove that K itself is a group. For
example, I don’t know how to show that there is an
element of K that fixes k,,” acknowledging that he
was at an impasse.

11:38 AM

7/14/11

23 min.

However, Dr. A continued trying unsuccessfully to
use his mapping idea.

12:22 PM

7/14/11

6 min.

When Dr. A “clocked in” again, he continued
trying unsuccessfully to use his mapping idea. For
example, he wrote, “To prove ¢ is well-defined,
let tk, = x,tk,; = k,. Let v be any other element
of S such that vk, = x. Choose any w € S s.t.

wx = k,. Then vk, = vwx = vwtk, = twvk, =
twx = tk,. S0 ¢(t) is determined once tk, is
determined.”

12:55 PM

7/14/11

5 min.

Later on, when he “clocked in” again, after a 33-
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minute gap (which might be considered an
incubation period), Dr. A proved Theorem 21
writing “Proof of theorem: We just need to show
that K itself has no proper subideals. But K is
principally generated, i.e., fix any k, € K and

K = {sky:s € S} since K is [a] minimal [ideal]. If
L were a proper ideal of K. . .” Notice that this idea
(an insight) for proving Theorem 21 differs from
the idea he had tried 33 minutes earlier.
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1.2Dr.C

1:29 PM

8/10/11

9 min.

Dr. C begins the proof of Theorem 21. He attempts
a proof of the theorem by imitating the same proof
as Theorem 20, which he proved correctly. He
writes “< a >c K =< a >=K,sothatta = a
for some t € S.” There is a 5 minute pause, then he
writes “I’ll come back to this one.” This
acknowledges an impasse.

1:38 PM

8/10/11

12 min.

Dr. C spends seven and a half minutes answering
Question 22. He then states a lemma: “If §; and S,
are isomorphic semigroups then S, is commutative
iff S, is commutative. He successfully proves the
lemma. He scrolls back to Theorem 21.

1:50 PM

8/10/11

28 min.

Dr. C pauses for 16 minutes with no activity. He
writes “Back to 21: Isn’t this a counter-example?
Take S = Z integers under multiplication and

K = {0}. Then K is an ideal and since it is a
singleton, contains no other ideal. But S is not a
group.”

8/12/11

5 min.

I pick up the equipment from Dr. C and he asks me
about whether Theorem 21 was false. | read the
theorem to him, and he immediately realizes that
he had misread the theorem, hence the counter-
example. He then emails me ten minutes after the
meeting and states that he has a proof on his
blackboard. | go up and verify that it is a correct
proof.
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1.3Dr.G

7:02 AM

12/3/11

2 min.

Dr. G writes the theorem and pauses for a minute
and a half. Then he writes, “Hmm. . .I’m taking a
break, breakfast, etc. Back to this later. Must
think on this.”

8:07 AM

12/3/11

3 min.

Dr. G writes, “Ok, I thought about this while on a
cold walk in the fog.” He then proceeded to create
an ideal gS = {gs|s € S}. He correctly concludes
that gS = S, but then claims that there are
inverses. After 30 seconds, he strikes out his
proof, claiming that he “need[s] an identity, not
given.” This is an impasse that Dr. G experiences.

9:44 AM

12/3/11

15 min.

He is “suspicious” that the theorem is true. But he
struggles for a counter-example. He talks about
what the counter-example would satisfy, then he
moves on to Theorem 21. He states an incorrect
counter-example to Theorem 21, and moves on to
Question 22. He answers all of Question 22
correctly, and then states, “l should be returning
to Theorem 20 which is the remaining
outstanding thing. But I think | need a break to
think about it.” This is a conscious action for
incubation.

10:08 AM

12/3/11

11 min.

He uses his previous ideal and manipulates it the
correct way to receive an identity and an inverse.
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1.4 Dr. H

8:14 PM

12/7/11

28 min.

Dr. H starts Theorem 20 by guessing that an
element of S without an inverse will generate a
proper ideal. He then generates an ideal (a) =
{as|s € S}. Dr. H argues that since 1, which he
calls the identity, cannot be in the ideal, then the
ideal is empty, therefore every element has an
inverse. He then quickly proves Theorem 21,
which he uses Theorem 20 (slightly incorrectly).
Dr. H asks “what about the non-commutative
case?” and goes on examining that case. As he
examines the non-commutative case, he finds out
that he needs to go back to Theorem 20, because
he assumed an identity element, which was not
given. Dr. H writes “Revisit,” which means he
has gotten to an impasse, although he examines
the ideal (a) for a bit more. He then moves to
Question 22, which he answers correctly.

9:05 AM

12/8/11

8 min.

He comes back the next morning, an incubation
period, and correctly proves the theorem.
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APPENDIX J: INTERVIEW AND FOCUS GROUP QUESTIONS

J.1 Interview Questions

1.

2.

Was there anything that was particularly difficult or took you long?

(When there were delays) What were you thinking of at this point in time?
What made you think of ___ (e.g., stabilizer)?

What difficulties were there with the technology?

(With a very long delay, e.g., of several hours) What did you do in that time

period? Did you think about the notes or some theorem in the notes?

J.2 Focus Group Questions

1.

2.

(Question to get them comfortable) What did you think of these notes?
Compare and contrast your experiences with the last 2 theorems.

If and when you did get stuck with these notes, how did you handle that?

In general, what do you do when you get stuck (in a problem, proof, with your
research)?

Is there anything else you do or think about when attempting to prove

theorems?
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APPENDIX K: PROOFS CODED USING THE CARLSON AND BLOOM

FRAMEWORK

K.1 Proof by Dr. G with Coding

Time Writing Speaking Coding

7:02 AM | Th 20: A comm semigp w/ | None Orienting (Resources)
no proper ideals is a gp.

7:03 AM | Hmm. . .I'm taking a None Planning (Affect)
break, breakfast, etc. Back
to this later. Must think on
this.

8:07 AM | Ok, I thought about this None Planning (Resources)

while on a cold walk in the
fog.

Pf: Given g € S, a semigp.,
consider the ideal g. . ..
(Then he stops and puts
“comm.” between “a” and
“semigp.”)...gS =

{gs|s € S}. Since S has no
proper ideals, gS = S, so
dg7teS 3gg =32
second pause, then he
strikes through the whole

proof)

Executing (Constructing)

Checking (Monitoring)

Executing (Constructing)

Checking (Monitoring)
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8:09 AM

First need an identity,
not given. (Then he
goes back to the
expression “gg~1 =”
and writes a question
mark with a circle
around it.) Turn page.

None

Checking (Resources)

Checking, Planning

9:44 AM

Later. I’'m suspicious
that this is true. Why
should the
nonexistence of proper
ideals force existence
of an identity?

But I don’t know many
examples, so [ don’t
see a counterexample.
(Silence for a minute,
followed by ruffled
papers, then silence)

Planning (Affect,
Monitoring)

Orienting (Resources)

9:48 AM

I’ll do some talking.

Ok, so, I don’t have to
be quiet for anyone
sleeping anymore, got a
little music in the
background. And I'm
just going to talk a little

Planning (Resources)
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(writes over the word
“talking”)

(writes over the word
“talking” again)

bit. So I’'m tossing
around this idea of
whether a semigroup
with no proper ideals
has to have an identity,
in which case | could
prove it’s a group, but |
don’t see why it would
have to have an
identity. Umm, | was
trying to think of you
pick an element in the
semigroup and then the
ideal that it generates
has to be the whole
thing. But couldn’t it
translate. . .couldn’t it
multiply to each
element to give an
element other than
itself, so that neither
would be the identity
ever.

Why can’t that happen?
So it’s sort of like a is
a translation, but then if
you. . .you think you
would get sub
translation ideals of
certain translations,
except if you don’t the
semigroup would be
very small, like only
one element. | keep
coming back to think of
something like {0,1}
under multiplication.
But then that has a
proper ideal, so I can’t
find something with no
proper ideals other than
the trivial semigroup.

Planning
(Monitoring)

Planning (Resources)

Planning
(Conjecturing)

Planning
(Monitoring)
Planning (Imagining)

Planning (Evaluating)

Planning (Imagining)

Planning (Evaluating)

Planning
(Monitoring)
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Umm. . .is that right?
I’d like something with
no proper ideals.

9:50 AM

I’ll come back to this

Thm 21:

(Silence for 12
seconds) I’d like
something with no
proper ideals. (Silence
for 8 seconds) But then
can’t have an identity?
Well I don’t see how to
prove this, and I don’t
see a counter-example,
and of course I am an
impatient guy, so I’ll
tell you what I’ll come
back to this. So I'm
going to go on because
I’d kinda like to see
where I’m going to get
to inthe end and |
kinda see how to
answer question 22,
which looks like the
last thing, so | feel
encouraged that I’'m
close to the end here.
But in the meantime |
will take things in order
and look at Theorem 21
for a little bit.

Planning (Resources)
Planning (Resources)

Planning (Affect)

Executing (Affect)

Planning
(Monitoring)

Planning (Affect)

9:51 AM

So if S is a semigroup
with a minimal ideal K,
of course I don’t
believe in the existence
of minimal ideals,
because of my rejection
of theorems 3, 9, and
12, rather I don’t
believe in the existence
of unique minimal
ideals. But ok, if Sisa
commutative

Orienting (Resources)

Orienting (Affect,
Resources)
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semigroup with a
minimal ideal, then it’s
a group. Let’s see. If it
has a zero element,
then that will be a
minimal ideal.

Does that make it a
group? (Silence for 13
seconds) Well no, what
about the non-negative
integers?

Planning
(Conjecturing)

Planning (Imagining)
Planning (Evaluating)
Planning
(Conjecturing)

9:52 AM

Doesn’t this have this
minimal ideal
consisting of zero, but
then it’s not a group?
(Silence for 8 seconds)
Isn’t that right? I mean,
isn’t the ideal generated
by zero just zero? It’s a
minimal ideal,
methinks. Let’s just go
back and check this.
(ruffles paper, then
silence for 13 seconds)
Where’s the definition
of minimal again? |
can’t find it. Yeah
doesn’t properly
contain any other ideal.
Sure, and your ideals
are all non-empty by
requirement.

Planning (Imagining)

Planning (Evaluating)
Planning
(Monitoring)

Planning (Evaluating)

Orienting (Resources)

9:53 AM

Ctrexample:

N’ ={0,1,2,...}
w/ multipl. (Then puts
S = before N')

So, ok let me write this
down. So umm. .
.maybe I’m crazy, but
you didn’t tell me that
any of these theorems
were false, but you also
didn’t so. . .at least |
don’t remember that.
Ok so counter-example,
let’s take what I call N

Planning (Heuristics)
Planning (Affect)

Executing
(Resources)
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{0} is a minimal ideal
But S is not a group
, lacks inverses.

prime, which is 0,1,2
and so on, with
multiplication. Now we
take 0. . .0 is a minimal
ideal, but S is not a
group because it lacks
inverses. Ok so,
whether crazy or not,
I’ve seemed to find a
counter-example to
theorem 21. Well, that
was quick.

Checking (Resources)

Checking (Affect)

Checking (Affect)

9:54 AM

Q 22:

a)

(Z,+) = (Z (then
writes an “arrow’ and
“is0” to =, then writes
the 2 in front of Z)

Are is0 as gps via
f(n) = 2n, so they are
ISO. as semigps.

b) (R+)

R

Now I’ll go on to
Question 22. | think 1
see how to resolve
those. Part a. Z under
addition and 2Z under
addition, yes they are
isomorphic. They are
isomorphic as groups.
Z and 2z under addition
are isomorphic as
groups via f of n equals
2n so they are
isomorphic as
semigroups.

That’s that, and part b.
we take the real
numbers under
addition, and yes that is
isomorphic

Orienting (Affect)
Orienting (Resources)

Planning (Conjecture)

Executing
(Resources)

Checking (Resources)
Orienting (resources)

Planning
(Conjecturing)

9:55 AM

(0, ), (then writes
the other parenthesis)
Viaexp. exp(r) = e”

Pf. Is “standard.”
So = as semigps.

) (L)

with

To the interval from 0
to infinity with
multiplication, via the
exponential function.
Let’s call it exp.
Namely, exp of r equals
e to the r. Positive reals
to ordinary
multiplication yes.
Proof, I’'m going to say,
is standard. Sorry. So

Planning (Resources)
Executing
(Resources)

Checking (Affect)
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they are going to be
isomorphic as
semigroups. And
finally I will go to part
¢, where we have this
set L under this
multiplication which
looks to be really
weird. I’m just going to
write it down.

Orienting (Affect)
Orienting (Heuristics)

9:56 AM x-y=xVx,y €L | Thatxtimesyequalsx | Orienting (Heuristics)

for all x and y in the set
Is not iso. to (Zs,") L. And I would say that
since this is not isomorphic Planning

to Z5 under its (Conjecturing)
multiplication, since. .
.well I see two reasons
why. Of course, I'm Planning
not checking to see (Monitoring)
even if the
multiplication on L is
associative. I think it is, | Planning (Affect)
but. . .let’s suppose that
that is the case. You
said that these were
semigroups. Suppose Planning
you’re right about that. | (Conjecturing)
But the multiplication | Planning (Imagining,
map is constant. No it’s | Monitoring)
not constant.

9:57 AM | (Rewrites x - y = x) But (10 sec pause) | Planning (Evaluating)

Is non-abelian

(1-2=1,but
2-1=2)
whereas (Zs,-) is
Abelian.

So (L,)

can’t. . .well. . .this is
ridiculous. . .so y=x. .
.well it’s non-abelian.
X times y equals x is
non-abelian.

Just to make that really
clear, we will write 1
times 2 equals 1, but 2
times 1 equals 2,
whereas Z5 dot is
Abelian. So

Executing
(Resources)
Checking (Resources)
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9:58 AM | % (Zs,") (then he writes | L dot is not isomorphic | Executing
next to each letter c) to Z5 dot. So the (Resources)
No, b) Yes, a) Yes answer is no, yes and Checking (Resources)
yes.
. r—
R /e
a3 %‘27 @,«f—) o é’Z /«F) crt. Ro =1 qpr
U]« ,l(o-\\c;)_l«/ e 17\.,.1 @t r,ra‘
\iu ays .T'Mj F)-
DR &2 (o,),) via exp.
exp (A= e . Pf. p rfordord |
Yo & <7 Sewiips
Nz
C)/\ (LJ) wh{h XYCX V)‘("/é L.
f‘é it [Pe - "f“o (Z;}-) T)ce . 17 rwr\aﬁ&(m
EX= 1 bf Nilen), wheems (2, .) D lofi
i L g - ) 8
So b, ) & (2, (
And plenty of other reasons | Checking (Heuristics)
why the multiplication on L
Other reasons too. won’t be isomorphic to Z5.
Non-abelian is good enough.
I’1l just mention other reasons
too. I’ll just say in words
another reason might be. Oh | Checking (Affect)
nevermind. That’s good Orienting
enough. Ok so now I guess | | (Monitoring)
should be returning to
Theorem 20 which is the
remaining outstanding
9:59 AM Thing. But I think I need a Planning (Resources)
break to think about it. So
I’'m going to take a break and
turn to the next page.
10:01 Return to Thm 20 I’m just going to say to return| Planning (Affect)
AM Theorem 20. Ok now I will
need a break.
10:08 OK, try Pf Ok I’'m back. Let’s try this Planning (Incubation)
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AM again. | have an idea. (7 sec
Let a € S. Since S ha| pause) Let’s see. We'’ll pick | Executing
no proper ideals, an element a in S. Then since | (Resources)
aS=S,s03e 3 S has no proper ideals, that
ae = a. means that aS=S. So there
exists e so that ae=a.
10:09 What would that mean? Then| Executing
AM Thenvs € S, let’s go one step further. . .for| (Monitoring)
(writes over the first | any sin S we have. . .(20 sec | Executing
“e”) pause) so this element e is (Resources)
acting like a right inverse, a | Checking
(Scribbles out “Then | right identity on a. Now why
Vs €S”) does it have to act that way
Givenb € S on any b?
Let’s try again. Write this Planning
givenbin$S (Monitoring)
Cycling Back
Executing
(Resources)
10:10 Let’s try seeing what. . .see | Checking
AM be just what b is. How am | (Monitoring)
going to cancel things
though? Well I'm going to Planning
cancel using. . .well. . (Monitoring)
(Next to “Given .(mumbles) I don’t know
b € S” he writes exactly how to cancel to get
“(recall S is comm) | rid of those things. Certainly
if | put a in there, Planning
(Monitoring)
Also just recall here S is
commutative.
Planning (Resources)
10:11 So aslong asais in the Planning (Resources)
AM (scribbles out “be”) | picture, (10 sec pause) Let’s

Similarly 3 e’ with
be' = b.

Now

try something here.

Maybe this is crazy, but let’s
try similarly there exists an e
prime, with b e prime equal
to b. Now, I’d like to say that
e and e prime are the same. |
don’t quite see how I'm
going to get that. (15 sec

Executing (Affect)

Executing
(Resources)

Executing
(Monitoring)
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pause)

10:12 | cannot see how to relate b | Planning
AM to a somehow. Ok let’s try it. | (Monitoring)
(Scribbles out B umm. . .this isn’t going to
“Similarly 3 e’ with | help much. (24 sec pause) Planning (Verifying)
be' = b. Now”) Let’s try writing (17 sec
Write pause) Planning
10:13 b = af B is af or a is bf (7 sec pause)| Executing
AM (- f exists for same | I'm going to write b=af. And | (Resources)
reason, f exists for the same reason,
No proper ideals) So | no proper ideals. So then let’s| Executing
be = afe = aef see. That means if | write be
I’ll get afe that’s aef
Executing
10:14 =af =b that’s af (17 sec pause) which| Executing
AM is b. Wait a minute. | see
because | wrote b as af and | Checking
then | absorbed. What do | Checking
(Draws arrow to mean. . .e always absorbs a | (Monitoring)
...afe = aef... so | guess that worked. Of
equals sign, then course | used associativity
writes “comm.” there, | used commutativity, |
underneath arrow, used some associativity
then writes “assoc.”
next to “comm.”
10:15 e is aright identity, | So e is a right identity, hence | Executing
AM hence an identity an identity, since S is (Resources)
Since S is comm. commutative. (8 sec pause)
I’m just looking back at the | Checking
definition of identity and ok. | (Resources)
Well let’s review this. Umm.
..I’ll pick an a in S, since it
has no proper ideals aS has to| Checking
be S, so ae=a, then I say (Resources)
givenabin$S
Checking
10:16 I write b=af and that’s again
AM because no proper ideals, so | Checking

(writes arrow under
the equals sign

aS=S. Then | calculate be
that’s afe and e gets absorbed
by a, leaving af which is b
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between aef = af
and writes underneath
“assoc” then to the
right of this he writes
fae = a)

So, S has an identity.

So to summarize, S has an
identity. Now we can
continue the proof which
we’ve done on the previous
page but have given up.

Checking

10:17 Now I’m sure it’s a group. Checking (Affect)
AM Now for inverses, Let’s get inverses. Now for
given g € S, gS = § | inverses, we think, given g in | Executing
(no proper ideals), so| S, gS=S, no proper ideals (Resources)
(Writes next to
“g€ S’ “gSisan | So that means
ideal”)
10:18 3971 € S so that there exists g inverse in S so | Executing
AM gg-l=e. that gg inverse equals e. Then
Since S is comm. we | | get to say since S is
have a group. commutative we have a Executing
group. That’s all I needed to | (Monitoring)
(Draws box) check right. Ok maybe I did
Next Page. prove theorem 20. Next page.| Checking (Affect)
10:19 I think I’'m done! I think I’'m done. So all I
AM 1) Milos, I‘'m want to say to you Milos. So

interested to hear
about the results of
your study.

2) Sorry my writing
is so bad for
readability.

3) I haven’t cheated
or looked anything
up. Just surprised
that I rejected

Thm 3and 9, and am
thus suspicious of
Thm 12

Best wishes, hope

this was helpful.

first of all Milos I‘m
interested to hear about the
results of your study.
Secondly, sorry my writing is
so bad for readability. And
the third. I haven’t cheated or
looked anything up. Just
surprised Theorem 3 (26 sec
pause) and I’'m thus
suspicious of Theorem 12.

And I’ll just say best wishes,
hope this was helpful. Ok 'm
finished. Fini. Bye!
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K.2 Proof by L with Coding

Time Writing Coding

10:10 AM | Theorem 20: If S is a commutative Orienting (Resources)
semigroup with no proper ideal, then
S isagroup.

Proof: (Turns page to his proofs of
Theorem 18, Theorem 19, then to
page with his proofs of Theorem 14,
15, and 16, then to page with proof
of Theorem 17, then back to proof)

10:11 AM | (pauses for minute) Orienting

10:12 AM | (pauses for 30 sec) Let S be a Orienting (Heuristics)
commutative semigroup with no
proper ideals. We want to show S is | Planning (Heuristics)
a group.

10:13 AM | (pauses for minute) Planning

10:14 AM | (pauses for 27 sec) Planning (Cycles)

10:19 AM | First we want to show S has an Planning (Heuristics)
identity 1. (pauses for 45 sec)

10:20 AM | (pauses for 20 sec) If possible. Planning (Monitoring)
Suppose S has no identity. Then for | Planning (Heuristics)
everya € S,ab # a for all Executing (Resources)

10:21 AM | (pauses for 25 sec, then lines out Checking (Monitoring)
“Then for every a € S,ab # a for
all”) Planning
Leta € S. Let A ={ab:b € S,ab # | Executing (Resources)
a}l.

10:22 AM | (pauses for minute) Checking (Resources)

10:23 AM | (pauses for 25 sec) If a is not an Executing
idempotent element then A # @.

10:24 AM | Also, A is a proper ideal of (pauses | Executing
for 35 sec)

10:25 AM | (pauses for minute) Checking

10:26 AM | (pauses for minute)

10:27 AM | (pauses for 30 sec, then lines out

“Leta€ S.LetA ={ab:b €
S,ab # a}. If a is not an idempotent
element then A # @. Also, Aisa
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proper ideal of,” then pauses for 25
sec)

10:28 AM | (pauses 10 sec, then lines out “If Planning
possible. Suppose S has no identity,”
then pauses for 10 sec)
Let a € S be fixed. Executing (Resources)
Let A = { (Then writes next to “Let
a € S be fixed”, “Suppose 3b € S
such that ab # b”)
10:29 AM | b € S:ab # b} (He then writes Executing (Monitoring)
primes on each of the b’s above so it
now looks like: “Suppose 3b’ € S
such that ab’ # b")
Then A is non-empty since b’ € A. | Executing (Resources)
10:30 AM | (pauses for 25 sec) If a is not the Planning (Resources)
identity th (pauses for 20 sec) Executing (Resources)
10:31 AM | (pauses for minute) Checking
10:32 AM | (pauses for 35 sec, then lines out all | Checking
the work from 10:28 AM on) Planning
Let a € S be such that ab # ba # b | Executing (Resources)
10:33 AM | Forsome b € S. If ab = ba = b for | Executing (Resources)
all b € S then a is an identity. So if
a is not an identity then 3b" € S
10:34 AM | Such that Executing (Resources)
ab’ #b'a#b'.
LetA={b € S:ab # ba + b}.
Clearly, A is non-empty because
b' € A.
SoAisa
10:35 AM | Proper ideal of S because a is not in | Executing (Resources)
A (40 sec pause)
10:36 AM | (pauses for minute) Checking
10:37 AM | (pauses for 35 sec, then crosses out | Checking
“ab # ba # b” from 10:32 AM, and
writes above “ab” = b"'a = b""”
and also adjusts the subsequent
beStob" €8S)
10:38 AM | (writes over a in 10:35 AM to be b"’, | Checking

then 20 sec pause) This eentra gives

Executing (Resources)
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me the contradiction that S

10:39 AM

Has no proper ideal. So a has an
identity. (35 sec pause)

Executing (Resources)
Checking

10:40 AM

(pauses for minute)

10:41 AM

(pauses for minute)

10:42 AM

(pauses for minute)

10:43 AM

(pauses for 30 sec) If a & S has the
property that ab” # b"'a # b"' for
allb”" €S

Checking (Resources)

10:44 AM

(crosses out a ¢ S and writes above
a € S) then the set {ab": b" € S}
forma proper ideal and hence there
exist an element a € S with the
property that

Checking (Resources)

10:45 AM

ab”" =b"a =b" forsome b" €S
Next, we want to show that every
element b € S has an inverse

b~ €eSs.

Checking (Resources)
Planning (Heuristics)

10:46 AM

Letb' € Swithb' = 1and b'c #
cb’ # 1 for (turns page) all c € S.
Then B = {c:bc # cb # 1,c € S}

Executing (Resources)
Executing (Resources)
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10:47 AM

(pauses for 30 sec, then turns page
back to first part of proof of
Theorem 20, then pauses for 25 sec)

Planning (Resources)

10:48 AM

(pauses for 25 sec, the writes next to
b~ € S from 10:45 AM, “For
contradiction”, then turns back the
page, then pause for 25 sec)

Planning (Resources)

10:49 AM

10:51 AM

Let B = {b € S: b has no inverse}.
Then B # @ because b’ € B. S0 B is
a proper ideal of S which is a
contradiction. So every element of S
has an inverse. (B is proper because
1 ¢ B).

Hence S is a group.

Executing (Resources)
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